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Abstract

There is a great desire to use adaptive sampling methods, such as reinforcement learning (RL) and
bandit algorithms, for the real-time personalization of interventions in digital applications like mo-
bile health and education. A major obstacle preventing more widespread use of such algorithms in
practice is the lack of assurance that the resulting adaptively collected data can be used to reliably
answer inferential questions, including questions about time-varying causal effects. Current meth-
ods for statistical inference on such data are insufficient because they (a) make strong assumptions
regarding the environment dynamics, e.g., assume a contextual bandit or Markovian environment,
or (b) require data to be collected with one adaptive sampling algorithm per user, which excludes
data collected by algorithms that learn to select actions by pooling the data of multiple users. In
this work, we make initial progress by introducing the adaptive sandwich estimator to quantify
uncertainty; this estimator (a) is valid even when user rewards and contexts are non-stationary and
highly dependent over time, and (b) accommodates settings in which an online adaptive sampling
algorithm learns using the data of all users. Furthermore, our inference method is robust to mis-
specification of the reward models used by the adaptive sampling algorithm. This work is motivated
by our work designing experiments in which RL algorithms are used to select actions, yet reliable
statistical inference is essential for conducting primary analyses after the trial is over.

Keywords: adaptively collected data, reinforcement learning, bandits, micro-randomized trials,
time-varying, causal inference, Z-estimation

1. Introduction

When designing a trial for a digital intervention in which reinforcement learning (RL) or other adap-
tive sampling algorithms are used to select actions, generally there are two primary considerations.
The first is ensuring treatment interventions personalize and provide good user experiences, e.g.,
this could mean sending messages to users at opportune times. Mathematically this means mini-
mizing regret or choosing the best actions with respect to some oracle policy. RL algorithms are
designed specifically to optimize this objective. The second consideration is being able to utilize
the user data collected by the adaptive sampling algorithm to perform statistical inference after the
trial is over, e.g., construct a confidence interval for a treatment effect. Information gained from sta-
tistical inference is crucial for making decisions about whether to roll out or how to improve a given
digital intervention. There are several aspects that make the above two considerations particularly
challenging in the digital intervention context:
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(a) Complex Environment Dynamics: A user’s rewards and contexts can be non-stationary and
highly dependent over time. The effects of actions also can be delayed, e.g., interventions can
affect not only the immediate reward, but also affect a user’s responsiveness in the future.

(b) Low Signal Environments: Rewards are noisy and intervention effects are generally small
relative to the the noise variance.

Existing methods for statistical inference are insufficient for adaptively sampled data collected in
such environments. Specifically, regarding (a), many inference methods for adaptively sampled
data make strong assumptions regarding the environment dynamics, e.g., that the environment is
a contextual bandit or Markovian (Hadad et al., 2021; Zhang et al., 2021; Bibaut et al., 2021b,a).
Methods with such restrictive assumptions are less useful in digital intervention problems with more
complex environment dynamics. This is especially true in the context of trials where the primary
analysis, i.e., the foremost piece of reproducible knowledge gained by running a trial, should not
have its validity hinge on strong environmental assumptions (such as a Markovian assumption)
(Robins, 1986, 1997). However, existing statistical inference methods that address challenge (a),
are not applicable to data collected by a large class of adaptive sampling algorithms designed to
learn effectively in low signal environments, challenge (b). Specifically, these existing inference
methods require independent user data trajectories (Boruvka et al., 2018; Qian et al., 2019), which
excludes data collected by adaptive sampling algorithms that can potentially learn faster by pooling
the data of multiple users. This is because adaptive sampling algorithms that learn across users
induce dependence between the collected user data trajectories, since one user’s reward affects how
the algorithm updates and selects actions for other users at the next time-step.

Our Contribution In this work, we provide a novel inferential method for adaptively collected
data that makes progress towards addressing the above challenges. Specifically we provide a method
for constructing valid confidence regions with the following properties:

1. Applicable to Non-Markovian Environments: Our inference methods are valid even when
user rewards and contexts are non-stationary and highly dependent over time. They are appli-
cable to both Markovian and non-Markovian environments.

2. Applicable to Datasets Collected by Algorithms that Learn Across Users: Adaptive sam-
pling algorithms that learn using the data of multiple users can potentially learn faster, but
induce dependence between the collected user data trajectories. Our inference method is ap-
plicable to datasets collected by such algorithms because it accounts for induced dependence.

3. Algorithm Agnostic: We assume the adaptive sampling algorithm uses policies in a paramet-
ric policy class that is sufficiently smooth in the policy parameter and explores sufficiently.
Besides these conditions, the validity of our inference method is not affected by potential mis-
specification of the adaptive sampling algorithm, e.g., if the RL algorithm incorrectly assumes
a linear model for the reward or mistakenly assumes that the environment is Markovian, the
validity of our inference method is not affected.

Specifically, we provide theory for inference via Z-estimators, which encompass most classical
statistical estimators and can be used for estimating time-varying causal effects. We derive the
asymptotic distribution of these estimators as the number of user data trajectories grows and con-
struct confidence regions for parameters of interest using asymptotic approximations. We prove
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that the standard sandwich estimator for the variance (Huber, 1967; Zeileis, 2006), which is valid if
user data trajectories are independent, can underestimate the true variance when data is adaptively
collected via algorithms that learn across users. We introduce the adaptive sandwich estimator, a
corrected sandwich estimator that leads to consistent variance estimates under adaptive sampling.
Besides accounting for the dependence between user data trajectories, another significant technical
challenge is in accounting for how the estimation error in the policy parameters at one time-step
impacts the error in future time-steps. A key tool we use to address this challenge is importance
weights. These weights are purely a proof technique, and are not used to compute the estimator or
to estimate the variance. Rather, we use these weights to implicitly define the policy parameter es-
timators as a function of the parameters of the policies used to select actions in previous time-steps.
Finally, we illustrate our method’s performance empirically via simulations.

1.1. Set-Up

We consider an adaptively collected batch dataset with 7' time-steps and n users. For each time-step
t € [1: T] and user ¢ € [1: n], we have random variables representing the vector-valued context

Xt(i), the action Ay) € Afor |A| < oo, and the reward Ry) € R. Also, for each user we have

a random variable representing the history where ’Héi) £ () and Hgi) = {X S(i) ) Ag), Rgi) }Zzl
t e [1: T]. We let ’Hglm) £ {’Hgi)}?:l represent the collective history for all users. We use the
notation X\ £ {x{! }!_ and x(tm & fx }i_, to denote collections of random variables.

We use potential outcomes (Imbens and Rubin, 2015) to represent our counter-factual out-
comes. We allow the potential outcomes for the rewards Rgl) to depend on all actions taken on user
1 up to time-step t, Agzl This means Rgl) has A’ different potential outcomes, {Rgz) (a14) : a1y €

for

At}. Similarly, contexts have potential outcomes {Xt(i) (a1:4—1) @ a14—1 € At_l}. The observed
variables are Rgl) £ REZ) (Aﬁ) and Xt(l) £ Xt(l) (Agl)tfl) We assume that potential outcomes are
drawn independently across users i € [1: n] from an unknown distribution P, i.e.,

T ..
5P iid over users i € [1: n). (1)

. . .
{Xt(Z) (alzt—1)7 Rgl) (alzt) a1 € A }t—l
Note that our potential outcomes assumption encompasses both Markovian and non-Markovian
environments, as it allows for a user’s contexts and rewards to be non-stationary and dependent

over time. Also, note our potential outcomes allow the context X t(z) to contain all previous rewards

R@fl and contexts X 1(1271 from the same user. This type of potential outcome assumption is widely
used in the longitudinal data analysis literature (Robins, 1986, 1997; Fitzmaurice et al., 2012).

For our statistical analyses we consider asymptotics as the number of users, n, goes to infinity
and keep the total number of time-steps, 7', fixed. This decision is motivated by our work in digital
interventions, which is primarily concerned with using inference methods to draw scientific conclu-
sions regarding a large population of individuals over a fixed period of time, e.g., a 90-day physical
activity mobile health intervention for individuals with stage-1 hypertension (Liao et al., 2020).

We now provide the assumptions on the adaptive selection of the actions, that is, how the
batch data was collected. For ¢ = 1, we assume that there is a pre-specified policy m;, where
]P’(Agl) ‘X Y)) 2 m (Agl) , X Y) ) For each ¢ > 1, the adaptive sampling algorithm can use all the

(1:n)
1

observed data so far across users, H,_;”, to form a policy 7;. The policy 7; uses each user’s current
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)

context, Xt(l , to form action selection probabilities as follows for a € A,

B (A9 = o X, 1) < B (49 = alXOH0D) e XP). @)

We assume that A,glm) are selected conditionally independently given policy 7; and contexts X t(l:n).
(

Note that despite the i.i.d. potential outcomes assumption from Equation (1), the th) are not inde-
pendent over i € [1: n| because actions Agz) are selected using m;, which is formed using Hgl_?)
Additionally, we assume that policies 7; belong to a parametric class {ﬂt( 3 Bi—1) : PBr—1 € Rdt-1 },
where 7, (a, z; f;—1) is a probability of selecting an action a conditional on z. In particular, 7, is

of the form 7 ( - ; ﬁAt@l), where ﬁAt(ﬁ)l is a function of all users’ data prior to time ¢, ’Hgi?) We will

assume conditions under which BAt(f)l converges to a deterministic 5/ ; as n — 0o, and hence we
call m¢( -; B;_;), which we abbreviate as 7/, the farget policy at time t.

1.2. Statistical Inference Objective

In this work we use the adaptively collected data described in Section 1.1 to construct a confidence
region for a parameter, 6*, in a model for the data. We assume that §* can be defined using a class

of vector-valued functions 1 (Hgf); 0). In particular, 6* satisfies
(1), g
0=Er, [v(H50%)]. 3

Similarly, our estimator 6" satisfies 0 = %Z?:l w(Hg); 9(”)). This setup encompasses many

types of standard estimators (e.g., least squares and maximum likelihood) and includes minimizers

of differentiable loss functions. , '
The simplest example of §* is the value of the target policy, i.e., §* = Ers . [% 23:1 Rgz) (Agli

this comes about by choosing 1/1(7-[59; 9) = % thl Rgi) — 6. The running example we use in this

paper is a least-squares estimator in a binary action setting, A = {0, 1}, with the following 1):

T (@)

i i i i i X

Y(HY;0) 2 > (R — 07 x — AP0l x ) @) | - )
t=1 At Xt

Above, 6 = [0y, 01] and the first entry of Xt(i) is 1 for all ¢,7. We are interested in constructing
confidence regions for 0*. We first characterize the asymptotic distribution of #(™ as the number of
users n — oo and use that distribution to approximate the finite-sample distribution of o).

Robust to Misspecification of the Statistical Model: Often in Z-estimation, ) corresponds to the
estimating equation (e.g., the score equation) for a parameter in a particular (possibly semi- or non-
parametric) model for the data, and we can think of 1) as “correctly specified” if that model holds

in our data. For our least squares example, ¢ is correctly specified if E[Rgi) ‘Xt(i), Agi), ’HEQI] =

05T X + AD0rT XD wp. 1 for all t. In the correctly specified case, 6* does not depend on the
target policies 75.,-. As is standard for Z-estimators, if 1) is not correctly specified, then 6™ is the best
projected solution, i.e., the root of Equation (3). The projection is with respect to the distribution in
which target policies 73.,- are used to select actions.
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Excursion Effects are a Key Use Case: Excursion effects, which are used for the primary anal-
ysis in micro-randomized trials (Boruvka et al., 2018; Qian et al., 2021), are a key use case for our
inference method. The primary analysis for these trials concerns treatment effects under the study’s
sampling protocol. An example excursion effect is the following excursion from the target policy at
time ¢: 4 ' ' '

Exs, , [R(AY 10 =1) - RO (A0, 0 = 0))].

T2:t—1

In the simplified setting in which the reward Rgi)
excursion effect simplifies to the standard treatment effect E [Rgl) (ar =1) — Rf) (a¢ = 0)]. Thus,
the excursion effect above is a generalization of the standard treatment effect to environments in

which all actions taken so far, Agli, can affect the distribution of the reward Rgi).

only depends on the most recent action Agi), the

1.3. Policy Class and Parameters

As discussed in Section 1.1, we assume that the batch data was adaptively collected using the
learning policies 7o.7. Recall that 79.7 are based on the statistics BlnT 1- We assume each 3 n)
satisfies + ) S qﬁt(Ht ,Bt")) = 0 for a vector valued function ¢;. We define the policy target
parameter 3; as the value of 3; € R% such that Eﬁg:t [gbt(Ht ; Bt)] = 0. For example, ¢; might be:

t (4)
. . . X
se(H; ) 2 > (RY - Bl XD — AV x () A(i);(i)] ; 6))
s=1 s s
this results in a least squares estimator, Bt(n) = [ A 0 , ﬂt 1 ] Note however that the ¢; used by the

adaptive sampling algorithm need not have any relation to the 1) used to define the parameter, 6* in
the statistical inference. We now discuss the policy classes,

{TFt(' ;Bi1) : i1 € Rdt_l}

for each ¢ € [2: T']. Recall that the adaptive sampling policy is frt( . ) = 7rt( -3 Bt@l) and the target
policy is 7} (- ) £ m(-; 87_1). We now discuss two key conditions that we assume on these policy
classes. Below, for each t € [1: T'— 1], B; C R% is a bounded open ball around /3;.

Condition 1 (Minimum Exploration) For some i, > 0, forallt € [1: T,

L%lj‘ #i(a, X()) > Tin W.p. 1 and . llggt 1 12[22 ¢ (a, Xt ,Bt 1) = Tmin W.p. 1.

Condition 2 (Locally Lipschitz Policy Function) Forallt € [2: T), there exists a function my (Xt(i)

such that (i) Errg:t [mt (Xt(z))] < oo and (ii) for all a € A and for any 5; € By,

‘7715 (G,Xt(i);ﬁtﬂ) — (a,Xt(i);B;‘_l)’ < mt(Xt(i))HBtfl — B

The first condition above is that the adaptive sampling policy used to selection actions, as well as
all policies in a neighborhood of the target policy, produce action selection probabilities that are
strictly bounded above zero for all actions. Note this condition excludes all deterministic policies,
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which means policies that maximize the expected reward in standard stochastic bandit and Markov
decision process environments are excluded. However, in general, the fewer structural assump-
tions that are placed on the environment, the more need there is for reward-maximizing algorithms
to continually explore. For example, in non-stationary and adversarial sequential decision-making
problem settings it is common both theoretically and in practice to prevent RL algorithms from al-
lowing the action selection probabilities to go to zero for any action (Bubeck et al., 2012; Lattimore
and Szepesvéri, 2020; Cesa-Bianchi and Lugosi, 2006; Chandak et al., 2020) in order to ensure the
algorithm can detect changes in the reward distribution.

The second condition is a smoothness condition on the policy function classes, which ex-
cludes policies that are a discontinuous function of parameters 3;_;. Although such a condition
may appear rather mild, note that the reward-maximizing policy in a stochastic bandit problem is a
discontinuous function of the margin because of the argmax operation, e.g., in a two-armed bandit
setting with 8* £ E[R;(1)] — E[R;(0)], the optimal policy is P(4; = 1) = Ig«~¢. Despite this, as
we discuss below, there are standard reinforcement learning algorithms developed for more complex
environments (e.g., non-stationary) which satisfy this smoothness condition.

We now give an example of an online stochastic mirror descent algorithm, based on those
from Lattimore and Szepesvdri (2020, pg 361) and Bubeck et al. (2012), whose policy class satisfies
Conditions 1 and 2 above. Note that for online stochastic mirror descent algorithms, 7; is an updated
version of 7,_1, which itself is an updated version of 7;_o, and so on. This means that parameters
of the class 7, must include those of m;_1, T2, ..., m. We will use slightly non-standard notation

to represent this, 7.(-) = m(- 73%)_1) where each Bgf)l = [Béi)w, A,@Ll] is estimated using the

least squares criterion from Equation (5). Since we consider a binary action setting, to characterize
a policy it is sufficient to define the probability that action 1 is selected in each context.

w01, X(7) = m (LX)
. 5(n),T (i 5(n),T (i . ; 2
= argmlnpe[ﬂmiml_wmin} {7]75 (5;?1’70X§Z) +p 6§2)1’71Xt(1)) -+ (7Tt—1 (1; Xt(l)) — p) } . (6)
Above, 1, > 0 is a learning rate and myi, € (0,0.5] is the minimum exploration rate. Note that
Bﬁ)l”gXt(z) +p Bﬁ)lIXt(Z) is an estimate of the expectation of Rgl) given Xt(l), 7—[1@1 when Agz) is

selected with probability p. The term (frt_l(l, Xt(i)) — p)2 is a Bregman divergence and can be
replaced by other Bregman divergences, e.g., KL-divergence. By Equation (6) above, we can derive

i) Aln . i) Aln 1 A(n), 4
ﬂ-t(LXt( ); %:t)—l) = Chpﬂmin (th(lﬁXt( )7 %:t)—Q) - intﬁi—)l,—ll—xt( )> ) (7)

where Clipﬂmin(x) 2 min((@, Tmin), 1 — Tmin). We can also show that Condition 2 holds be-

cause | (1, X\ Bre—1) — m (1, X5 B141) | < ol X\ | Bemrn — Bi_ya| for any Bra—y €
RZi;ll ds See Lemma 3 for derivations of the above results.

2. Related Work

Recently, many novel inference methods have been developed for adaptively collected data focused
on multi-armed and contextual bandit environments. These include inference methods via asymp-
totic approximations (Hadad et al., 2021; Zhang et al., 2021; Bibaut et al., 2021b,a; Zhang et al.,
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2020; Zhan et al., 2021; Chen et al., 2020; Deshpande et al., 2018) as well as approaches that use
high probability bounds (Howard et al., 2018; Karampatziakis et al., 2021; Brennan et al., 2020;
Abbasi-Yadkori et al., 2011). These works for the most part consider asymptotics as T' — oc.
These methods are more restrictive in that they assume an underlying contextual bandit environ-
ment that does not allow a user’s potential outcomes to be dependent over time. However, these
methods are more general than ours in that they put fewer restrictions on the adaptive sampling
policies used to collect the batch data, e.g., many allow the action selection probabilities to go to
zero for some actions and do not require the policy class to be smooth in its parameter.

Another area of related work are methods for inferring excursion effects (Boruvka et al.,
2018; Qian et al., 2019). These methods assume the same underlying potential outcomes model,
Equation (1), which allows for non-stationarity and dependent outcomes over time. However, they
also assume the batch data was collected using separate adaptive sampling algorithms for each user.
Our work can be considered an extension of these works to the setting in which the batch data was
collected by a single adaptive sampling algorithm that learns using the data from multiple users.

We utilize techniques from the classical literature on empirical processes (Van der Vaart,
2000; Van Der Vaart and Wellner, 1996). In particular, as we will discuss in Section 3.2, we derive
a maximal inequality for weighted empirical processes on the adaptively collected data described
in Section 1. Recent work Bibaut et al. (2021b) develop a novel maximal inequality for adaptively
collected data in the contextual bandit environment. Besides the differences in the underlying envi-
ronment assumptions, our maximal inequality results also differ from theirs because they consider
asymptotics as 7" — oo, while we let T" be fixed and consider asymptotics as n — 0.

3. Asymptotic Results

Note that if the batch data were collected using the fixed target policies 75.,, rather than the adaptive
policies 7.7, then the data trajectories would be independent across users, i.e., Hg) would be
i.id. across i € [1: n]. In that i.i.d. setting, we could use standard asymptotic normality results

for Z-estimators (Van der Vaart, 2000, Theorem 5.21) to get that 6 is asymptotically normal
with the standard sandwich variance, i.e., \/ﬁ(é(”) —0%) =t N (0, \il_lM(‘ii_l)T) with “bread”
NS Ers . [%1&(7—[%); 9*)] and “meat” M £ Ers . [¢(H¥); 9})®2]. Note 22 £ 2z ". However,
in our adaptively collected data setting where 72,7 are used to select actions, we show that the
limiting variance is different, specifically,

NG (é(n) _ 9*> Ve (0, \i,—lMadaptive(\ij—l)T) ’ (8)

where 2 £ 5[ (H:0°) b SIS (9 b 6, (H(": 7)) ) and
o, & Ers, [8%;@%)(7{?) i Bf )] . We call the limiting variance in Equation (8), the adaptive sandwich
variance. Comparing M?%Pie and )/, we can interpret the term W ZtT:_ll (gg; ) o, g, (Hf); B5)
as the “cost” or “inflation” in variance due to using the estimated 7.7 to select actions rather than
m5.p- See Section 4 for simulation results demonstrating the performance of our approach.

A key technique we use in this work is implicitly defining functions, which allow us to de-

fine derivative terms like ggi in Madaptive - Recall B3 is defined as Eqx [qbQ (’Hé”;ﬁ% )] = 0. If
t

we allow 75 to vary in this expression by varying its inputs /31, then 33 can be considered a
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function of f1, where 0 = Er,3)) [(152 (Hg) ; 5’5(51))} = 0. We overload notation by using 33
to refer to the vector 35(/5;7). Similarly, we can consider 55(-) to be a function of (1.2 where

0 =By (81),m5(82) [ 03 (%Q) ; B3 (B1:2))] = 0; we also use 3 to refer to the vector 35 (f}.,). Contin-
uing this process we get that 6* is an implicitly defined function of 81.7_1 such that

0::]EWQU%)mng)WWWT_ﬂﬁT_l)[¢%7{¥)50*(617ﬁ27"”/&T—l))] ©)

and 6* is 0* (ﬁf:T_l) This allows us to define 2 355 6* using implicit differentiation. See Lemma 4 for
sufficient conditions for the derivative terms in /293Pt tg exist.

Additionally, we define 0(") as an implicit function of 31.7_1, analogously to how we defined
0* as an implicit function of 31.7_; above. The key tool we use to do this is importance weighting.
Interestingly, these weights are purely a proof technique, and are not necessary for computing the
estimator or for estimating the variance of the estimator. Define for any 3;, 3, € R%,

. ml(Aﬁle,Xt‘f‘Bl;ﬂt)
T+ 1(A2 7Xt+l7ﬁt)

Specifically, Bgn)(ﬁl) solves O' 1 ZZ 1W2z) (ﬁl ﬁl )gf)g (7—[2 : A2 (51)). Bén)(ﬁl;g) solves
0= L5, Wi (81, BT )W (B, B ) s (1S B <ﬁ12>) and O (1) solves 0 =

~

s TS W (B B Y (HS: 00 (Bramn)): BT = BV (B ) and 60 = 60 (5L

W (8, 8))

(10)

3.1. Formal Results and Conditions

We first state our asymptotic results formally. Then we introduce and discuss the conditions we use.
Throughout, B is some bounded open ball around 37; Bs is a bounded open ball that contains all
B5(p1) for all B1 € By; and for each ¢ > 2, B, is a bounded open ball that contains 3/ (81.4—1)
for all B1.4—1 € Bi.4—1 = By x By x ... x B;_;. Similarly, © is a bounded ball that contains
0*(B1.r—1) for all B1.7—1 € Bi.r—1. Throughout, for functions of By.;—1, e.g., B; (), we use the

sup norm, ||3; (- )| By, 2 SUPB,.,_1€B1:—1 187 (Brt—1)l2-

Theorem 1 (Consistency) We consider the setting of Section 1. Under Conditions 1, 3, 4, 5, 6,

and 7, 0™ 5 0% and Btn) 5 B forall t € [1: T — 1]. Moreover, 0™ () — 0*()||B,.r_, Lo
A * P

and |3 () = B (B, S 0foralit € [1: T —1].

Theorem 2 (Asymptotic Normality) We consider the setting of Section 1. Assuming Conditions
1, 2, 3,4, 5, and 8 and the conclusions of Theorem 1, Equation (8) holds.

Conditions 1 and 2 were discussed above. Condition 3 below requires that slightly larger than the
fourth moments of functions ¢ ( -; ;) and ¥ ( - ; 6*) are bounded.

Condition 3 (Finite Moments) For some « > 0, forallt € [1: T},
B, [l IR <0t B o)) < e

Our next condition concerns the functions fr(-;B1.r-1,0) = ( Hthz (-5 Be—1))w (- ;0) and the

functions f¢(-; B1:¢) 2 ([15s s (5 Bom1)) be (-3 Be).-
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Condition 4 (Lipschitz Estimating Functions) There exists a function gr (H(TZ)) such that (i)
Exs,. l97 (H%))ﬁ < oo and (ii) for all By.7—1, B1.7_, € Br.r—1, and all 0,60" € O,

o

HfT(Hg);ﬁlzT—lya) - fT(Hg%ﬁi:T—l: )

< or (D) || [Brr-1,6) = [Brrr, 0]

Also, for all t € [2: T, there exists a function g; (H,ﬁ’)) such that (l) ]E% [gt (H§ ))2] < oo and (ii)
for all Bs, B, € Buy, | F1(H(; B, 0) — (™ Bro)| < g™ Bra — Bl

One key use of Condition 4 is to control the bracketing complexity of the function class Fr ... =
{C;fT( : ;ﬁl;T_l,Q) : BI:T—I S BT_1,9 S @} for any fixed ¢y € RAT, By Example 19.7 of
Van der Vaart (2000), Condition 4 implies that fol \/ log N[] €& FTeps LQ(P « ))de < 00, where
Prs._,. 1s the distribution of potential outcomes P under policies 75 ;.. The ﬁnlte bracketing integral
property is closely related Donsker conditions in the i.i.d. case (Van der Vaart, 2000, Theorem 19.5).
The next condition concerns the differentiability of 5;(-), 8*(-). Recall 55(-) is a func-
tion of 51 € Bj and f5(-) is a function of 1.2 € Bj.a. To represent the function of 51 € By
that outputs 33 ( b1, B85 ( ,81)) we define functions of the form B; 1 Where the superscript represents
the number of (3 arguments the function takes. Specifically, we let [3’; [ (B1) = B35(B1), B; [ (B1) =
85 (81, 851 (B1))  and B3 (81.9) £ 85 (Br.2). For general t, 57" (Br.s) £ B (Buis, B, (Bris))
for any s < ¢. Following this pattern, we can also define 0*’[51( -) for s < T which takes arguments
Bi:s € Bi.s. We say 0%[51 () is Fréchet differentiable with respect to 8% ( - ) for all s < T"if there

. . *,[s—1] (. .
exists a function aeaﬁ*i(_)() . Bi.s_1 +— R¥%ds guch that for any function Bs(+): Brs—1 R4,

o (I18.() = B, )

Bl:sfl

a1 ()

0T (B )= ) =

(Bs()=B:(+))

Condition 5 (Fréchet Differentiability) 6%~ (.) is Fréchet differentiable with respect to B ( - )
and continuous in Bs(-) : Bi.s—1 + Bsforall s < T, and forallt € [1: T — 1], ﬂ:’[s_l] (+)
is Fréchet differentiable with respect to B%(-) and continuous in Bs(-) : Bi.s—1 — Bs for all

L . [s=1] (. o . . .
s < t. Also, the derivative functions 8985*7(.)() and %T(J() are continuous in their argu-

ments [31.s_1 € Bh. 8 1+ Eryr() [1/) (’Hgf); 0* (- ))] is Fréchet differentiable with respect to 0*( -),
and B, .| (Ht ; 87 (+))] is Fréchet differentiable with respect to Bf(+) forallt € [1: T —1].

Also, derivative functions %*L(.)]EM:T(.)[@ZJ (’Hgf); 0*(-))] and %:( Er,.( [gf)t (Ht ;B ()] are
continuous in their arguments, 31.7_1 € B1.p_1 and B1.4—1 € B1.t—1, respectlvely

Fréchet differentiability is often used to prove asymptotic normality resultw, e.g., Van der Vaart
(2000, Theorem 19.26). Theorem 1 is proved using modifications of standard techniques used in
the i.i.d. setting (Van der Vaart, 2000, Theorem 5.9), and relies on the following two conditions.
Condition 6 ensures that * is a unique root. Assumptions similar to Condition 7 hold when v, ¢
are derivatives of convex criteria (Van Der Vaart and Wellner, 1996; Bura et al., 2018).

Condition 6 (Well-Separated Solution) For any ¢ > 0, there exists some n. > 0 such that for all
prr-1 € Brr—1,
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. (@).
BERdT:HGJOI’}fBl;T_l)|I>e )‘Eﬂ2(ﬁl):7r3(62)r~~:7TT(BT71) [d}(HT ’0)] H > M-

Similarly, for t € [1: T — 1], for any € > 0 there exists some 1. > 0 such that for all $1.4—1 €

Bu-1. g, eqte: g (3101 e [Era(or)na )iy (S0 (13 B) || > e

Condition 7 (Compact Parameter Space) IP({G (Brr-1) : Prr—1 € Bir—1} C ©) — land
P({B™ (Br4-1) : Bru1 € Biy1} C By) — 1forallt € [1: T —1].

Our final condition is that the “bread” terms in the sandwich variance estimator are uniformly posi-

tive definite. Recall that U £ a‘g* Ers W (7—[?); 0*)] in Equation (8).

Condition 8 (Positive Definite Bread) %*LHEM () [ (Hg) ;0% (+))] is finite and positive defi-

nite uniformly over B1.7_1 € Bi.r_1. Also, 8,8*( Ery.( [gf)t (Ht s BF (- ))] is finite and positive
definite uniformly over [31.4—1 € Bi4—1 forallt € [1: T —1].

3.2. Proof Sketch of Asymptotic Normality Result

We focus on the T = 2 case for this proof sketch because it is illustrative of the main proof tech-
niques we use. See Appendix C for the full proof for general 7. The desired asymptotically nor-
mality result Equation (8) can be rewritten as follows when 7" = 2:

v (6 (3" o (5;‘)) BN (0,07 agoive ()T (11)

LetY;; £ 7r2 [¢1(’H ,51)®2] Y2 = Eny W(%S);@*)@],&,z £ En [(bl( 1 ,ﬁ1)1/)(7'[2 ;0°) 7],
and o1 = 2172 To prove Equation (11), we use the result:

B =5; ] 3/\/(0, [‘i’flzlvl(q’flf IR I)TD. (12)
G '

\/ﬁ é(”)( in))_e* \11_122’1((1) )T \I’ 1222(\11 1)T

Here we show why (11) follows from (12). Recall the function #*(-) : R% s R92, By Condition

5. 8 = a0 (57) exists. Thus. /(6% (5") — 0%(57)) = G v/n (81" — B1) + op(1) by the
Delta method (Van der Vaart, 2000, Theorem 3.1). Thus, by Equation (12) and Slutsky’s theorem,

«( An) 20* &—1 E-INT 90" T 90 -1 [—1\T
\/ﬁ[ 0" (6,") — 0 (51) ]3]\/ 0, o @1 Xa(®r) gg gE @ Z2(PT)

é(n)(Agn))_ (51 ) U— 12271((@;1)ng; @—12272(\1,—1)1'

(13)
Note that we can decompose the difference /n [0(” (ﬁ ) — 6" (B*)] as follows:

VIO ()] = Va9 0 )] + v ) 61

H(n) vs. o* Agm vs. B

Furthermore, the differences on the right hand side above are equivalent to those on the left hand
side of Equation (13). Thus, by Equation (13), we have the following result:

Vi (07 (B = 07(87)) BN (0,),

10
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= ot BER
Note by rearranging terms we can show that V' = W1 pfadaptive(y—1)T \where recall that Jf2daptive £

Ers [{@Z) (Hg); 9*) + 0 (gg} )éflqﬁl (/ng) ; 51‘) }®2} . Thus, it remains only to show Equation (12).

« T s . . . * | . L
where V & S5 d 18 1 (97) T J0 + 950 Sia (U TSy (&) T I+ S8

Showing Equation (12) Holds: Our proof to show Equation (12) has a structure similar to that
of classical Z-estimator asymptotic normality proofs for i.i.d. data (Van der Vaart, 2000, Theorem

5.21). However, since the user data trajectories ’Hg) are not independent, our proof differs in key

ways, which we highlight below. We first define the following functions of 3; € R% and § € R%:
i A(n i 1= (i A(n i
w(p1,0) 2 B W (51, 87w (H:0) ] and 9(31,0) 2 S Wi (1, )0 (1) 6).
i=1

Recall we use E to refer to expectations with respect to the distribution of the observed data, which

means 79 are used to select actions. Thus, E[W2 (6 51 )w(HQ), 9)] = Er,) [1/1 (Héi); 9)}
The most crucial result we use to show Equation (12) is the result of Lemma 16:

Vney [@(m (Bfn)aé(”) (BYL))) v (5@79@) (Bgn)m
= ek 8 (31,07 (51)) ~ @ (81,0° (1)) | + or 1), 19

where co € R% is any fixed vector. By Theorem 1 we have that B§ L BT and (n (Bl )

0* (B;). Thus, intuitively, Equation (14) is saying that the random function v/ncj ¥ () —¥(-)]
can have its arguments [Bfn), 6 ( B§”) )] replaced with their limits, [ﬁi“, 0* (,Bik )] , without affecting
this random function’s asymptotic distribution. The proof of Equation (14) features a maximal in-
equality for the stochastic process: {fc [\I'(" (61,0) — ¥ (S, 6’)} :p1 € By,0 € @} . Note by
our definition of the class F3 ., (see text below Condltlon 4), the above stochastic process is equiv-
alent to { 577 (72 (A8, X)) (HY) — B |72 (A9, X00) )] ) 1 f € Foa ) We
use Condition 4, which restricts the bracketing complexity of F3 .,, to prove a maximal inequality
for the previous stochastic process. Note our maximal inequality differs from classical ones because

our observations ’H%) are dependent over ¢ € [1: n]. See Lemma 11 for details.
The left hand side of Equation (14) can be simplified as follows:

el [0 (37,60 (3)) —w (37,60 (3))
= e [w (A0 (3)) - v (3.0 (5))]

Above, the equality holds since (") (BYL), o) (BYL))) = 0 and @(Bln), 0 (BA?))) = 0 by the
definitions of §(™)(-) and 0*(-) respectively. The equality below holds because by Condition
5, W(-,05(-)) is Fréchet differentiable with respect to ¢5(-) (using the sup norm over B;) and

]P’(Bgn) € B;) — 1 by Condition 7.

_ 0 (n) g () i) (3 _ ge (50
= g5 (B, 03(3™)) v/ (8B - 07 (B™) )

+iop ([|07) = 6°()|| 5, ) + o (D).

11
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We can show that foP(HH(" (8 § ) — 0% (Bgn)) |) = op(1) using Lemma 8. By Condition 5 the
derivative 905 ( ﬁ) (51, ) is continuous in ﬁl € B;. Since 51 L B7, by the continuous
mapping theorem, 523 B<")) (,8 ) 9*(61 )) W (B,05(87)) =

= e/ (00 (B - 9*(B§">))+0p(1). (15)

Recall the goal is to prove Equation (12). To do this, consider

)+cQ\Iff<(”)( ) - 9*(39)))
= /el @ (B}) — Ve ¥ (57.6°(57)) +op(1). (16)

where & (8)) £ L5 o, (14(; 87). The above holds since d1/n (3 —87) = —/nd{™ (87)
+ op(1) by Theorem 19.5 of Van der Vaart (2000), and by Equation (15) which we showed equals
the left hand side of Equation (14), combined with W (8f,6* (7)) = 0 by definition of 6*( ).
Finally, Equation (12) holds by Equation (16), Slutsky’s Theorem, the Cramer—Wold device, and
the invertibility of ®; and ¥ by Condition 8.

Cq (I)l\/>(

4. Simulation Results

We compare the empirical coverage of confidence regions constructed using both the standard sand-
wich and adaptive sandwich variance estimators. We consider a binary action setting in which all
previous actions A( 1 1 can affect of the mean of Rg ), however, these delayed effects are decaying,
i.e., more recent actions have a larger effects. We set 7' = 50. See Appendix A.1 for more details.
As seen in Table 1, the adaptive sandwich estimator consistently outperforms the standard sandwich
variance estimator. Moreover, the performance gap increases with the magnitude of the delayed ef-
fects (x larger means larger delayed effects). Although we see some undercoverage for the adaptive
estimator with large delayed effects when n = 100, this is shown to be only finite-sample behav-
ior as the coverage is very close to 95% when n = 1000; when the delayed effects are small, the
n = 100 coverage is already at 95%. Note larger delayed effects means previous actions have a
larger effect on the current time—step’s reward distribution, so we expect larger delayed effects to
increase the magnitude of 2 35F 5* (if terms gg; are zero then the two limiting variances are equivalent).

Table 1: Empirical Coverage of Confidence 95% Regions for 6*. All standard errors < 0.01.

n=100,xk=1| n=1000,k =1 | n =100, = 0.5 | n =1000,k = 0.5
Sandwich 68.16% 71.24% 93.6% 93.24%
Adaptive Sandwich | 88.72% 94.28% 95.44% 95.76%

5. Discussion

The greatest limitation of this work is that it does not apply to adaptively collected batch datasets
in which the policies used to collect the data are (i) not smooth in their parameters or (ii) allow the
amount of exploration to go to zero. As discussed in Section 1.3, many common RL algorithms for

12
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bandit and Markov decision process settings do not satisfy our smoothness and exploration condi-
tions. However, the studies in digital interventions motivating this work will use adaptive sampling
algorithms that do satisfy these conditions. Needed work includes the derivation of efficient estima-
tors based on adaptively collected data and methods for forming valid confidence intervals for the
value or for an excursion effect under a different policy unrelated to that used to collect the data.
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Appendix A. Simulations and Examples

A.1. Simulation Results

We consider the binary action setting in which (™ and /3’25") = At(’%), Bt(q)] are both least squares
estimators as defined in Equations (4) and (5). We use policy classes of the form 74 (1, Xt(i); Bi—1) =
Clip 1 (expit(3; 1 X,”)) where Clipy;(z) £ min (max(z,0.1),1 — 0.1). The context is the
previous time-step’s reward, i.e., Xt(i) = [1, RE?I]. Reward potential outcomes are generated as

follows: i) (4 (@) (2) i @ (2) (2)
Rgz (A4) = O‘;—OAll:t + OCLAQ : th—)l (Al ) +&

where A) = [A7), A9 AD]. Forallt, i, e”) ~ A7(0, 1) marginally, however, Corr(e\), e\")) =
0.5lt=sl/ 2 which means each user’s reward errors are correlated over time. The above means that
all previous actions Agﬁ_l can affect of the mean of Rf), however, we will have delayed effects
are decaying, i.e., more recent actions have a larger effects. Specifically we let o o £ kay and
a1 £ 0.5k0y for oy = [e=(t=2) . e72 e~1, €Y 0]. We vary the magnitude of the delayed effects
by setting x = 1 (large delayed effects) and x = 0.5 (small delayed effects). We set " = 50. We
construct the adaptive sandwich variance estimator by using an empirical estimator for the adap-
tive sandwich variance W~ M/242ptve (y—1) T (see Lemma 4 for explicit derivations of the derivative
terms in M243Pt¥¢) Qur simulation results are averaged over 2500 Monte Carlo repetitions.

A.2. Lemma 3: Stochastic Mirror Descent Example

Lemma 3 (Stochastic Mirror Descent Example) We consider the stochastic mirror descent al-
gorithm example from Section 1.3. We show that Equation (7) and that Condition 2 hold under the

condition that Eqs D}Xt(Z)M <ooforallt e [1:T].

Proof of Lemma 3 Recall that the stochastic mirror descent algorithm described earlier in Section
1.3 has action selection probabilities of the following form (see Equation (6)):

ﬁt(l,Xt(Z)) = 7Tt(1>Xt(i); AY;)—I)
(n), T

= argmingepe g ox) {7716 (Bt—l,OXt(i) +p Bt(ﬁ)JXt(Z)) + (Fe-1 (1, Xt(i)) - p)z} ’

where above 7, > 0 is a learning rate and my,i, € (0,0.5]. Note that exploration Condition 1 is
satisfied because the algorithm constrains action selection probabilities between [mmin, 1 — Tmin].
By taking the derivative of the following criterion with respect to p:

(80X, +p 5701 X07) + (e (LX) — ) a7

we have VR '
e B X — 271 (1, X)) + 2p.

Since second derivative of the criterion from Equation (17) with respect to p is 2 > 0, the global
minimizer of the criterion (not restricted to [yin, 1 — Tmin)) 1S p = T—1 (1, Xt(l)) — %7715 B&)qut(l)
Also note that the criterion from Equation (17) is convex because its derivative is strictly increasing
in p. Note that the constrained minimizer of a convex function either equals the global minimizer or
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is on the boundary of the constraint space. Thus we have that the constrained minimizer, 7; (1, X t(i) ),
equals the following:

N . R ) 1 . .
m (1, X050 ) = Clip, (mla, x®) - QW@ggXp),
where Clip,. () £ min (max(2, Tmin), 1 — Tmin ). Thus, we have shown that Equation (7) men-
tioned in Section 1.3 holds.

t—1
Cide,

We now show that this algorithm class satisfies Condition 2. Note that for any 81.;—1 € RZs=

‘Wt(laXt(i%Bl:tfl) - Wt(l,Xt(i)%BT:t—l)’

= ’Clipwmm <ﬁt—1(17Xt(i))_;ntﬁj—ngt(i)) —Clip, . <ﬁt—1(17Xgi))_;ﬁtﬁf’ngt(i)) ‘ (18)
Note that for any real numbers z, y that |Clip, () — Clip,__ (y)| < |z — y|. This is because
 If 2,y € [Tmin, 1 — Tmin], then |Clip, () — Clip,._ (y)| = |z —y|.
e If 2,y < Tmin Or &,y > 1 — Tyin, then 0 = }Clip7rmin (z) — Clip,,_._ (y)‘ < |z —yl.

* If > min and y < g, then |Clip,  (z) — Clip,. _ (y)| <« —Clip,  (y) <z —y =
|z —yl.
* If 2 < 1 — min and y > 1 — i, then |Clip, () — Clip,.__ (y)| < Clip,_ (y) —z <
y—z =z -yl
Thus, we have that Equation (18) can be upper bounded by the following:

~ . 1 . . . 1 " .
< Wtfl(laXt(l)) - 577t5tT—1,1Xt(2) - Wtfl(laXt(z)) + 577t5tlT1,1Xt(z)

1 T . 1 .
= ‘27715 (Bro11 — B 1) X7 < 5"7tHXt(l)H 1Be-11 = B4
The last inequality above holds by Cauchy-Schwartz. By the above, Condition 2 holds since

E[[|x{7]]] < 0. m

A.3. Lemma 4: Sufficient Conditions for gg** to Exist
t

Lemma 4 (Sufficient Conditions for % to Exist) Under the following conditions, the implicit
t
derivative % exists forallt € [1: T — 1]:
t
e U 2By [Zw(HY;6%)] and &y £ By, [8%@(7{,@;5;)] forallt € [1: T — 1] are
finite and invertible.

. % 7 7 ) 7 * i " * A(i), (T
e Let Ty (Az(f)aXt()) £ 65?_17“(141(5)’)(15();/@—1) c R&t—1 E”;:T |:1/)(7‘l§~);9 )M

mi (A7 x()
. 1 sk A(SZ)7X§1) T
exists forallt € [1: T — 1], and Eqry ¢t(7i§z); Bg)w

™

] exists for any s < t.
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Proof of Lemma 4 For notational convenience, we let 7 = 6 and 6, = 3, for all t € [1: T —1].
This means that 6. = 6* and 0; £ 3;. Additionally, we let ¢y = ¢ forall t € [1: T — 1], so

Tﬂt(}lgi); 9t) = ¢t(7‘[§i); 5t)-

Note that by 2 69* we mean gZ* = 89% (99;1:2) 963 (9(19&93(0 1)) where we differentiate through the first

argument of 03 as well as 6 (9*), the second argument.

. . 00 . . . .
It is sufficient to show that 55 exists for any ¢ < T'. Our proof approach is to use an induction
t

argument. Specifically, we will show the base case that gZE exists. Then we will show the inductive
1

. 00;_, (07, .
step that gzi exists for all s < ¢t whenever %”’2) exists forall ' < ¢ — 1.
s s/

Base Case: Recall that 03 is defined as follows:
0=Ey [wg(Hg’); 9;‘)}
We use implicit differentiation to derive g—f. We will also use the following weights defined earlier

n ma (A X$D0 )
in Equation (10): w9 (g ,0( )y & —2( .
q 2 (1 ) = m2(AD X170

_ 9 @, ] — 9 (i
0= g By [v2(H;0)] = g5 [ W37 (07,07 )warss03)|
7 k a * ~n T
=& |ua(05) (w6007 )|+ [Wi01.007) vt 6)|

@) (ONT iy
(i), p 3 (Ay’, X57) T @) )y O (3). s 903 (61)
:E . ]E .
[¢2(H2 702(01))71-2(Aé2),X§Z)’0(’"‘)) + W2 (91791 )805(61)¢2(H2 792(91>) 891
s (AW x0T Rl
< o (HY ,92)—1 “—| +Ex; *w(’H 05)
w3(AY), x () 003 06,

iy

Note that by our assumptions, U, is finite and invertible, so by the above results,

00 . i), ey T2 A(i)aX(i)§9* '
893 — U, 'E | (H; 05) = (i)2 (i)l)
: T3 (Ay7, X57)

The expectation term on the right hand side is also finite by our assumptions.

Inductive Step: Now for the inductive step we will show that ngf exists for all s < t whenever

00y
89* L exists forall s’ <t — 1.

Recall that 0} is defined as follows:
0=Eqy, [gz)t(”ﬂf); et)} .
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: (4) g H(n) \ &
We use weights Ws" (07 _,,0,")) 2 © W

Using a similar argument as we did for the

base case, for any s < {,

0

Ozam

(X [QMHt ! 9*)] ae*

(HW RO 1)) (507 )]

t—1 t
7 * 7 * NE 8 * n
- Z E ¢t(H£ )§9t) H Wt(’ )( t’71>9§’—)1) (ag* W( )(98’ gg’)1)>
s'=1

=2t/ s

<HWt’ b1 At/n)1)> 00*1/),5(’Ht ,9*)]

Note that for s < s that 55 W( )(9*, 1 ég, ") 1) = 0. This is because we consider ¢%,_; to be an

implicit function of 67, 65, . L 9;72.

t—1 : (D) (@), px *
D o i n o (Ay, Xy 0% )T | 0607
= > E | vu(H”;0) H W (01,6 ] 1

s'=s t'=2t'#s' (A(Z) (1) 9(") ) 86;
00
+E7r2t [ae*wt(}tt ) t):| 80;
—,

Ye(H67)

_ZE

s'=s

7o (AD XW0r, Tl 067, . o
5 (AD x D) o0 '00;

By invertibility of ¥, by assumption,

06;
097~ =-w Z B

s'=s

Py ( 7‘[ ;) S/(AS)’ (’)’9;' 1) ]5)9:/1
t a

o (AD, x0) 00;

)

Note that all expectation terms in the statement above are finite by our assumptions and all the

o 997 . . . . . . . .
derivative terms % exist by the induction assumption and previous steps in the induction argu-

ment. l

A.4. General Conditions that Can Replace Lipschitz Estimating Function Condition 4

Recall that fr(-;B1.7_1,0) £ (HtT:2 e ( -;6,5,1))1/)(-;9) and the functions
Fi(5Bre) 2 (TIZh ms( 5 Bs—1)) el 64 (- Br). Alsorecall we defined Frop. £ {cf fr(-; Brr-1,0) :
Birr—1 € Br_1,0 € @} for any fixed c7 € R?". Similarly, we define Fi e = {ctTft( 3 B1it—1,0) :
B14-1 € Bt—l} for any fixed ¢; € R%.
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Condition 9 (Finite Bracketing Integral) Foreacht € [1: T|, we assume that for any finite, fixed
ct € Rdt,

1
/ \/Iog N{j (& Frreps Lo (Pry, ) )de < o0,
0

where Py  is the distribution of potential outcomes P where actions are selected with policies T3 ;.

(4)

We also assume F; ., has a measurable envelope function Fy ., with Eﬂglt [Ft,ct (H, )2} < Q.

Recall that an envelope function F; ., for the class of functions F; ., means that supsc 7, . If(H EZ))’
< Fig, (Hgi)) < 0o w.p. 1 (Van der Vaart, 2000, pg. 270).

Condition 10 below ensures that the function class Fr ., is locally continuous in their parameters at
[B3%.;,0%]. We use the semi-metric p;(f, ') = Ers, [Hf(Hf)) — f’(?—[il))HQ] forany f, f' € Fio,.

Condition 10 (Locally Continuous Function Classes) For any ¢ > 0, there exists a éTe > 0
such that for $1.7—1 € Bi.p—1 and 0 € © with ||[B1.7-1,0] — [B].7_1,0]|| < 07,

pr (fr(-; Brr—1,0), fr(-; Bir_1,0")) <e
Similarly, for allt € [1: T — 1], for any € > 0, there exists a 6; . > 0 such that for P14 € RXG=1 ds
with || B1:t — B4l < Ote then py (fi( -5 B1e), fr( -5 814)) <€
Lemma 5 (Condition 4 Implies Conditions 9 and 10 Hold) Conditions 4 and 3 imply that Con-
ditions 9 and 10 hold.
Proof of Lemma 5:
Showing Condition 4 Holds: By Example 19.7 of Van der Vaart (2000), Condition 4 implies that
fol \/10g N (e, Fteos Lg(Pﬂ;:t))de < 00, where Pr:  is the distribution of potential outcomes P
under policies 73, forall ¢ € [1: t].

We now show that there exists an envelope function Fy ., with Ers [Ft,ct (’Hti))Q] < oo for all

t € [1: T]. Note that by Condition 4 for a non-negative function g; with Ers . [gt (’HEZ))Q] < 00,

| 735 822 = 1047 810) | < 90 (E”) 187 = Bl
Thus we have that
C:ft(Hgi)S i) — ctTft(Hf);Bl;t)H < HCtHQt(HEi)) sup ||B1. — Bl

1:¢€DB1:¢

sup
B1:+EB1:

Thus, for F} ., (HEZ)) £ el Hft(Hgl); ft)H + HctHgt(Hgl)) SUPg,.,epy., 181 — Bt
that for any f,(H"; B1.1) with B1, € B,

, we have

¢ fi (Hgi);ﬁm) < HCtTft(Hf);ﬁl:t)H
o (13 81) | + || 27 B) = o 1047 80 |
< leul || £33 81 | + Neallgn () 185, = Brall < Fre (7).

<
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We now show that the second moment of F ., (7—[?)) is bounded:

. . . 2
B | P ()7 = By, | { el 20475 20| + Dedan () s 161, el } |

1:¢€DB1:¢

i 2 i . ?
< el ey, |[£087555) | + 3t [0 (%)) {sup 51— 0l |

Bl:tEBl:t

. 2 .
Above, Es [H AH; 5;%)” ] < o0 by Condition 3, Ers [gt (ng))z} < o by Condition 4,
and supg, ,ep,., [181.4 — B1:t/| is bounded by our assumption that B; are bounded.

Showing Condition 10 Holds: Lett € [1: 7] and € > 0.

(5510 5310 ) = By, {20405 10 - 1047510 |

By Condition 4,

ft(%gi);ﬁft) - ft(Hgi)é 51:t)H < gt(rHEi)) | 81.; — Bi:t]|. for a non-negative func-
tion g; with E: (g (H,@)ﬂ < 00 80
<Ex, [0 185 — Buall

Thus, if || 57, — Bl < Ewg:t |:gt(/Hti))2:| o Ve, then pt(ft( 5 Br)s fe (- 51})) <e N

23



ZHANG JANSON MURPHY

Appendix B. Consistency

Theorem 1 (Consistency) We consider the setting of Section 1. Under Conditions 1, 3, 5, 6, 7, and

9,600 & 0% and Bt(n) £ B forall t € [1: T — 1]. Moreover, 0™ () — 0*(-)||B,.r_, 5 0and
~ % P

1B () = Bt (s D 0foraiit € [1: T = 1],

Note above our Theorem statement differs from that in the main text because we do not use Condi-
tion 4 and instead use Condition 9; see Lemma 5 for a proof that Condition 4 implies that Condition
9 holds.

Condition 1 (Minimum Exploration) For some myi, > 0, forall t € [1: T),

XY > fim wop. 1 d f x®. > Tomin WoP. 1.
Bél,{%”t(a ) > Tmin W.p an . llgBtlggllm(a 5 Bt—1) > Tmin W.p.

Condition 3 (Finite Moments) For some o > 0, forallt € [1: T,

Ers, {H@(Ht ; t)H4+a] <oo and [Ep |:H’¢)T(HT 79*)H4+o¢} ~.

Condition 4 (Lipschitz Estimating Functions) There exists a function gr (Hg)) such that
(i) By, [gr (H})?] < 00 and (i) for all Brr1, By € B, 0,0’ €6,

| (1S Brr—1,0) — fr(HY; Blr_1, 00| < g0 (HS) | 1Brr-1,60) = (871, 0')]|-

Also for all t € [2: T, there exists a function g, (Hgi)) such that (i) IE [gt (7—[,@)2} < oo and (ii)
forall Bua, Bl € Bua (MY 610,8) — FuH: B | < gu(HE) 81 — Bl

Condition 5 (Fréchet Differentiability) 015~ (.) is Fréchet differentiable with respect to B( -)
and continuous in fs(-) : Bi.s—1 v Bsforall s < T, and forallt € [1: T — 1], B:’[s_l] (+)
is Fréchet differentiable with respect to B%(-) and continuous in Bs(-) : Bi.s—1 — Bs for all

L . *ls—1](. sl . . .
s < t. Also, the derivative functions 89%*(')( ) and B’Btaﬁ*(')( ) are continuous in their arguments
S S

Brs—1 € Brs—1. Enyp() [w(H(l) 0*(- ))] is Fréchet differentiable with respect to 0*(-), and
By [ (Ht ;B (+))] is Fréchet differentiable with respect to B} (-) for all t € [1: T — 1].

Also, derivative functions %*LHIEMT(_) [¥ (Hg); 0*(-))] and 7 ( By () [ (Ht i B7(+))] are
continuous in their arguments, 51.7—1 € By.p—1 and B1.4—1 € B1 41, respecnvely

Condition 6 (Well-Separated Solution) For any € > 0, there exists some 1. > 0 such that for all
Br.r-1 € Br.r-1,

) (4).
HGRdTiH9*I9I’}f51;T—1)H>e "EW2(ﬁ1)7773(52),~-~777T(ﬂT71) [wT(HT ’0)] H > M-

Similarly, for t € [1: T — 1], for any € > 0 there exists some 1. > 0 such that for all $1.4—1 €
. (4).,
Bii-1, mfﬁteRdt1||,3t—/32‘(/31:t—1)||>6 "Eﬂz(ﬁl),ﬂs(ﬁz)w--»ﬂt(ﬁt—l) [ff)t (/Htl ’ﬁt)] H > Nt e-

24



STATISTICAL INFERENCE AFTER ADAPTIVE SAMPLING IN NON-MARKOVIAN ENVIRONMENTS

Con(Aiition 7 (Compact Parameter Space In Probability)
({9(n BlT 1) :Brr—1 € Bl;Tfl} C @) — 1 and
P({B8" (Bri1) : Bru1 € Brar} C By) — 1forallt € [1: T —1].

Recall that fr(-;Brr_1,0) = (Hthz (5 Be—1)) (- 6) and the functions fy(-; B14) =

(Hs 9 7['3( 65 1))(]575( -3 @5) Also recall we defined ‘FT,CT £ {C;fT( -3 51:T—17 9) : ﬂl:T—l S
Br_1,6 € ©} for any fixed ¢y € R, Similarly, we define Fyc, = {¢/ fi(-; B14—1,0) : Br:e—1 €
Bt—l} for any fixed ¢; € R%,

Condition 9 (Finite Bracketing Integral) For eacht € [1: T, we assume that for any finite, fixed
Cct € Rdt,

/\/IogN[] eftct,Lg(P ))de<c>o

where Prx  is the distribution of potential outcomes P where actions are selected with policies T3,

We also assume Fi ., has a measurable envelope function Fy ., with Eﬂ;:t [Ft,ct (’H,Ei) )2] < Q.

Recall that an envelope function Fy, for the class of functions F; ., means thatsupscz, . [ f (”HEZ))|
< Fi, (’Hgi)) < 0o w.p. 1 (Van der Vaart, 2000, pg. 270).

Notation for the Remainder of Section (Appendix B) For notational convenience, we let 7 £ 6
and ; £ B forall t € [1: T — 1]. This means that 0% = 6*, 05 £ S}, één) £ 9™ and égn) = Bt(")
Also we use O £ © and ©; £ B,, where recall © is a bounded ball that contains 0*(B1.7-1)
for all B1.7—1 € Bi.p—1 and By is a bounded ball that contains 5;(31.4—1) for all 51,41 € By.4—1.

Additionally, we let 17 2 v and vy 2 ¢y forall ¢ € [1: T — 1], so b (HY; 67) = p(H; 6) and
wt('HgZ); ;) = qﬁt(H,gl); Bt) for t < T. We also define the following notation:

Wz(;it)(glstflv 1t 1 HW( s—1s Asn)l)

Ue(01:4) = By (01),m5(602),...om0 (601) [1/%(7'[%1); )] =E |:W2(Zt) (91:t—1,é@,1)¢t(7'l§i); 9t)]

‘i’g (61:¢) énZW? (61:— 1,0 1t 1)7/Jt(7‘lt )

=1

B.1. Proof of Theorem 1

t = 1 Case (Base Case): We first show that égn) £> 07. We follow an argument similar to that of
Van der Vaart (2000, Theorem 5.7).

Let € > 0. By the well-separated solution Condition 6, for some 1, > 0,
P (17 > ) < ([ [t ) =

Thus it is sufficient to show that Hllll )) H = op(1). By triangle inequality

‘\Ill (égn))H > 776) .

|w (@] < [ (6F7) = #7@F) | + o5 @) |
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Note that \ifgn) (é%n)) = 0 by definition of égn). By Condition 7, P(égn) € @1) — 1,50
= 0p(1) + L g, 11 (07) - ¥ (67|

<op(1)+ sup
01€0,

wi(61) — B (602) | 5 0.

By our bracketing complexity assumption (Condition 9), the above limit holds by the uniform law
of large numbers for i.i.d. random variables (Van der Vaart, 2000, Theorem 19.4).

General ¢ case (Induction Step): For our induction assumption, we assume that égn) £> 0% and
supg, _cor s |08 (Ors-1) =07 (81.5-1)|| &> Oforall s € [1: t—1]. We will show that 4™ 5 67

and supy,., coy, , |08 (Ora—1) — 0; (014—1)|| 5 0.

Lete > 0.
IP< sup Hét(n) (61:6-1) = 07 (B10-1) || > E)

01.4—1€01.4—1

We use 01,41 € O14_1 todenote 01 € O1, 05 € Oo, ..., 0;_1 € O14_1. By the well-separated
solution Condition 6, for some 7. > 0,

< IP’( sup
01:t—1€O1:4—1

By (01),75(02) s (0e—1) [d}t (Hgi);égn)(%t—l))] H > m)

= P( sup Wy (91:1:—1, 9§") (91:t—1)> H > 77€>
01.4—1€0O1:1—1

Thus, it is sufficient to show that supy, , ,co,, ,

2 (01;15,1, ét(n) (91:1‘,71)) H = op(1). By triangle

inequality,
I R GRS
< sup ‘I’t(91:t—1,é§”)(91;t_1))—\ilﬁ”) (91:t_1,é£n)(61:t_1)>"

01:t—1€O1:t—1
+ sup \if,?”) (91:t—1, 9§”)(91;t_1)> H
01:t-1€01:4—1

=0
The term on the second line above equals zero by the definition of ég")( -).

By Condition 7, P ({9}")(911_1) 101.4-1 € @1;15_1} C @t> — 1, thus,

P
Lin 21 =1,
9§ )(')€®t {9,5 >(91;t—1):91:t—1€®1:t—1}

sup

= op(1) +L;m
t L 01.4-1€01:4—1

()€ v, (91:t—1,é,5(n)(91:t—1)> - ﬁ/i”) (91:t—17ét(n)(91:t—1)) H
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<op(l)+ sup
01:t€@1:t

B (010) = W (B12)| S 0.

The above limit holds because by Conditions 1, 3, and 9, we can apply Lemma 6 to show that the
above converges in probability to 0 (see Appendix B.2). Thus, we have that

sup
01:4—1€0O1:1—1

0" (01.4_1) — 0 (eu_l)H Zo. (19)

We now show that ét(") 5 07, i.e., ét(n) (é%)_l) T 07 (05.,_,). By triangle inequality,

[0 62) — oz (0] < [ (35) o5 (5200) | + o (62— 1)

We show that both of the terms on the right hand side above are op(1).

P
First Term By our induction assumption 9% t) 1 £ 07.,_1,01; i co — 1.
1 1:t—1

Hégn) (9@_1) —0; ( it 1) H =or()+ L co. 0 <§§Z)_1) —0; (é@_J H

0 (01.-1) = 0 (Ora-0)|| S 0.

<op(l)+  sup
01:4—1€O1.t—1

The final limit holds by Equation (19).

Second Term By Condition 5, 0:’[{/71]( - ) is continuous in 6;_1(-) : ©1.4_2 +— O;_1. By our in-

. . 5 P . .
duction assumption, Supy, , ,co,.,_, Het@l (01:4—2)—0;_1(01:4—2) H — 0, so by continuous mapping
theorem,

9:#_1] (91:t727é§ﬁ)1(911t*2)) _9:#_1] (9” 2’9t 1(9“ 2 H -0

sup
01:4—2€O1:4—2
=0, o= 2](91@72)
By our induction assumption éﬁ) 9 £> 0” 2, SO P(ég)_z e @1;75_2) — 1. Thus, the above result
implies that [ 07 (017_,) — 0 (977),) || 0.

Applying a similar argument again, by Condition 5, 6, =2 (-)iscontinuousinf;_o(-) : O1,4_3 >
~ % P
0 (01.4-3) — 07_5(01.4-3)|| 5 0, so by

O¢—2.By our induction assumption, Supy,, ,co,., s
continuous mapping theorem,

071 (0103, 0"5(0r0-3)) — 071 (0105, 0 o(0103) ) H 50,

=071 (01, _3)

sup
01:t—3€01.t—3

By our induction assumption éy? 3 £> 07.4_3, SO P(égnt) 3 € @1;75_3) — 1. Thus, the above result

implies that |6, (7)) — 7860, H =0
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By repeatedly applying the above argument we eventually get that forall s € [1: ¢ — 1],

sup
01.s-1€O01:5—1

0:,[5] (9125_1’ égn) (91;3—1)) _ 9:»[5] (91;3—17 0% (61:5—1) ) H £o.

:0:’[3_1](91:571)

and that

o

Thus, the desired result holds because by telescoping series and triangle inequality,

@) — oG | S

(00 ) — 07 (B H <> o) — ot So.
Note that for s = 1, 6 (0;,_,) = 9:’[871] (égns)fl)
Alsofor s =t — 1,67 (8 ) = 6711 (8). m

B.2. Lemma 6: Importance-Weighted Uniform Weak Law of Large Numbers

Lemma 6 (Weighted Martingale Weak Uniform Law of Large Numbers) We consider the
problem setting as described in Section 1. Under Conditions 1, 3, and 9,

sup
01::€01:¢

B (010) = Wi (010) | S 0.

Proof for Theorem 6 It is sufficient to show that for any ¢; € R% that the following converges in
probability to 0:

sup [e[ (" (010) — ¢ Wi (01)|
01.:€01:¢
L [
= — W (0 ,9 21 79
o10c0u n;{ {01,011 )el v (Hy5 01)

B [W00-1,00 el i H500] .
Note that for the class of functions F; ., defined above Condition 9,
{W}“ (11,002 el o (H;6,) 614 € @u} = {( Y)Y g e ft,ct}, (20)

where 7 ( )2 T (Agi),Xs(i)) and frg% = Hi:2 ﬁgi).

We now follow an argument similar to that for (Van Der Vaart and Wellner, 1996, Theorem 2.4.1).
By Condition 9, we have that for any € > 0, N (€, Fi.¢,, L2 (Pﬂgit)) < oo. This means that we can

find finitely many brackets [, uy] that cover F; ¢, with B [ (ug (’H,EZ) )=k (/ng) ) 2} Y2 < ¢ Sofor
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any [ € Fi.,, we can find a bracket [l u] that contains f, i.e., [, (Ht ) f( ) i (ng))
So,

n

2 GE) o) —E (D) ()]} e

i=1

# o[  ( () - 104))]

Note we can upper bound term (a) by the worst case upper bracket out of the V[ (e, Fieer Lo (Pﬂ;:t ))
< oo brackets:

The limit above holds by Lemma 7 (Importance-Weighted Weak Law of Large Numbers result)
because there are ﬁmtely many brackets; note that when applying Lemma 7 we set ft(%f)) =
(Hf9 0T (Aﬁ”, X(l))) k(HS’) and fS(HS)) = 0 forall s # ¢t and

M\ —2 i) 2 —2(t—1 i) 2
Eoy, (I (A9, X)) 20 (1)) < w20 DBy (1))
< 7 2Dg [Fic, (’H,@)Q] < oo by Conditions 1 and 9.

min T2t

Note, since (frélz)_l < a8 gnd -l < (1”#1“)1&_1 < WQ(? (Qf;t_pél:t—l) w.p. 1, so

— “min min —Tmin
(4)

(7N < Al < g2 1)WQ(t)(HTt 1,01:4-1). Thus, we can upper bound term (b):

I:HQHt b2 ZE[WZ 071, 01:01) <Uk(7'(£l)) _f(Hgi))”
=o' ZE%{W ) = )| < i iZEwgt[uk (1) — (1]

L4 271/2
<menl ZEM[{W o) - ()| <tV

—2(t-1)

Recall, that since 7_;

small.

is a constant, the above implies that we can make term (b) arbitrarily

We can make a similar argument for a lower bound for Equation (21). B
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B.3. Lemma 7: Importance-Weighted Weak Law of Large Numbers

Lemma 7 (Importance-Weighted Weak Law of Large Numbers) We conszder the problem set-
ting as described in Section 1. Let f1, fa, f3, ..., fr be real-valued functions of 7—[1 ,7—[(1) H(l) ”Hgf)

respectively such that Erx [ ft (th‘))z] < ooforallt € [1: T|. We show that under Condition 1,
for any {0}, such that 0; € O,

n T
iZ{fl(H(z +ZWZ Li—1,0 1?5)—1)]01?(7'[ }_>]ETI’;T|:th ]
i=1 t=2

Proof of Lemma 7 Note that by the weak law of large numbers for independent random variables,

ISt A (HEZ)) = E| fl( )] By Slutsky’s Theorem, it is sufficient to show that for all ¢ €
[2: T,

IR i) px A(n i)y P i
E Z WQ(t) (91:15—179522—1).]%(7-4 )) — EW;:T |:ft(Ht )):| :
i=1

Let e > 0. It is sufficient to show that the following converges to zero:

“(

For convenience, let ﬂ(?—[iz)) = WQ(?( Ti1.0 1:5)—1) ft(”H,Ei)) Ers | ft(”;'-l )] It is sufficient to
show that By Markov inequality,

I 50,6
=P<]n;ft<ﬂﬁ>> >

n

1 1) / A(n i (
o Z {WQ(:t)(elztl? ngt)ﬂ)ft(?'[g )) Ers . [ft(Ht )] }‘ > 6)
i=1

= e LB [P+ 30 D B[R R

=(a) =(b)

We now show that the terms (a) and (b) above are both o(1).

Part (a) Note that

s S [047] = 3 (B V005 0] B, L}

Since W2(t)< Lit—1> 9@—1)2 < 7r_'(t_1)W2(:it)(9T:t—lv éﬁ?—l) by Condition 1,

min

(t 1 n . _.(t_l) n 3
< Tmin__ ZE[ Tit—1) 173)_1)ft(71t1))2} - %ZE”% [ft(%gl)ﬂ -

i=1

The limit above holds because Er | [ ft(/Hgi))Q] < oo by assumption.
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Part (b) For any s € [1: t], we now show a helpful result for any function A of Hgi) and any

constants ¢(?), ¢9):

[ (W 0100, 0 R(HED) — O} W07y, 07 DR(HE)) — ) ]

=[5 {20162 D) = O} {011, 8 M) - 0} |

Note that conditional on Hglwf), the random part of ’Hsi is {X Si), Agi , Rsi } Note that
{Xs @ A9 R } and {X D A9 RY) } are independent conditional on ’H ) for i # j.

s

= B[ [{2061 1,00 )H40) — O[] & W01 82 ) = e 3] |

= 8 (W0 B [ L] — )

(W) 1070000 ) (M) = ) }

— B[ {01 01 O o By [, | - )
(W01 0B (RO M| =0} ] yes)

We use Equation (22) above to simplify the following term:

23 B[R]

i=1 j=i+1

9 n n . . i Z
- 62n22 Z E[{Wét)( Li—1,0 1:t)—1)ft(7‘l§)) WQT[ft(Ht )]}
i=1 j=i+1

(W61, 10 )10 - By [104)] |

First, we apply Equation (22) for h(?—[(l)) fi (H( )) and ¢ & Ers .| ft(?—[y))].

Z Z |:{W2(t) V(07 0. 01 5)En 2 L (#H") ‘,Ht 1] - wQT[ft( )]}

=1 j=i+1

n2

(W00 BBy [ HEPL] — By, (1)) } }
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By applying Equation (22) again for h(?—[(l) = Erx [ fo (HEZ)) ‘ng_)l] and ¢ £ E Ens . [ft(Ht )],

nZZ Z [{ 1t 3’é§t) 3) [ th ‘Ht 2] WQT[ft<HtZ )]}

=1 j=1+1
W) (010s: 00 By [ MO ML] = By, [£1 ()]
2:t 1:t4—3>Y1:t—3 t t—2 T LJE\TLt
By repeatedly applying Equation (22), we have
— s> Y B (B LMY - B, [H)] )

i=1 j=i+1
(s, L) ) — o, )}

Since ”ng ) and %ﬁ“ are independent for ¢ # j,

223 > Bl L) — B, [

i=1 j=i+1

{ RO HP] = By, [10)] | = 0.

The final equality above holds by law of iterated expectations. l
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Appendix C. Asymptotic Normality

Theorem 2 (Asymptotic Normality of Z-Estimator) We consider the setting of Section 1. Recall
that the result of Theorem 1 is that (") 5 0* and Btn) £ Bf forallt € [1: T — 1]. Moreover,

A . P 5 . P
HG(")(-) —0*(-)|lBy_, — O0and Hﬂt(n)( ) =8By, = Oforallt € [1: T — 1]. We prove
that the following holds under Conditions 1, 2, 3, 5, 8, 9, 10 and the results of Theorem 1:

\/ﬁ(é(n) o 0*) 2) N (0, ‘il—lMadaptive(\ij—l)T) 7 ®)

where Madaptive & ETF;:T [{w(q_éf% 9*) + \I’ Z?:_ll (gg;)q);lﬁi)t (7_[1(52)’ 6?) }®2:| .

Note above our Theorem statement differs from that in the main text because we do not use Condi-
tion 4 and instead use Conditions 9 and 10; see Lemma 5 for a proof that Condition 4 implies that
Conditions 9 and 10 hold.

Condition 1 (Minimum Exploration) For some myi, > 0, forallt € [1: T),

(4)
min 7 (a, X; ) > Tmin W.p. 1 and inf min aX ; > Tmin W.p. 1.
aed t( ) Z Tmin W.P 8, eRt-1 aeA t( t ﬁt 1) min W-P-

Condition 2 (Locally Lipschitz Policy Function) Forallt € [2: T}, there exists a functionm; (X ")
such that (i) Eﬂ;:t [mt (Xt(z))] < o0 and (ii) for all a € A and for any ; € By,

‘771‘, (avXt(i);ﬁt—l) — Tt (G>Xt(i)§5£k—1)‘ < mt(Xt(i))HBt—l - ﬁ:—IH'
Condition 3 (Finite Moments) For some o > 0, forallt € [1: T),

Exs, 0375 80)[77] <00 and  Ery, |ur (17507) 7] < oo.

Condition 4 (Lipschitz Estimating Functions) There exists a function gr (7—[( )) such that
(i) s, [97 (H)?] < o0 and (ii) for all Brr—1, B}, € Bir—1, 6,6 €6,

HfT(/Hgf);ﬁlzT—lvg) - fT(/Hgf);Bi:T—lve/) ‘ < QT(H?) | [Brr-1,6] = [Br.r_1.0]||-

Also for all t € [2: T, there exists a function g, (Hgi)) such that (i ) IE [gt (Hgi))ﬂ < 00 and (ii)
for all B4, B € Bras (S Brs ) — 1Y o)l < () 1B — Bl

Condition 5 (Fréchet Differentiability) 6*15~1 (.) is Fréchet differentiable with respect to 3% ( -)
and continuous in fs(-) : B1.s—1 — Bs forall s < T, and forallt € [1: T — 1], 5:’[5*1] (+)
is Fréchet differentiable with respect to B%(-) and continuous in Bs(-) : Bi.s—1 — Bs for all

.. . w5 [s—=1] (. =1 . . .
s < t. Also, the derivative functions 8966* (,)( ) and 98 t@ﬁ* (,)( ) are continuous in their arguments

Brs—1 € Brs—1. Eryp([¥ ('Hgf); 0*(-))] is Fréchet differentiable with respect to 6*(-), and
Eryi() [0 (Ht ;B¢ ()] is Fréchet differentiable with respect to B} (-) forall t € [1: T — 1].

Also, derivative functions (%*L(')EWQ:T(,)[@D (’Hgf); 0* (- ))] and 86*( Er,.( [(;St (Ht 85 (- ))] are
continuous in their arguments, 1.7—1 € B1.p_1 and B1.4-1 € B1.4—1, respectlvely
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Condition 8 (Positive Definite Bread) ae*L.Efrz () [ (H(Ti); 6*(-))] is finite and positive defi-

nite uniformly over 31.7_1 € Bi.p_1. Also, 86*( Er,..( [gbt (Ht ;B (+))] is finite and positive
definite uniformly over [31.4—1 € Bi4—1 forallt € [1: T —1].

Recall that fr(-;Brr_1,0) = (HtT:2 e ( -;ﬁt,l))d)(-;ﬁ) and the functions f;( -; B1.) =

(Hs 9 7['3( 65 1))¢t( -3 @5) Also recall we defined ‘FT,CT £ {C;fT( -3 51:T—17 9) : ﬂl:T—l S
Br_1,6 € ©} for any fixed ¢y € R, Similarly, we define Fyc, = {¢/ f¢(-; B14—1,0) : Br:e—1 €
Bt—l} for any fixed ¢; € R,

Condition 9 (Finite Bracketing Integral) Foreacht € [1: T|, we assume that for any finite, fixed
ct € Rdt,

/\/IogNH (€, Fieur Lo (Pry, ) )de < o0,

where Py  is the distribution of potential outcomes P where actions are selected with policies T3,

We also assume Fi ., has a measurable envelope function Fy ., with EWS;t [Ft,ct (7—[,@)2] < Q.

Above, recall that an envelope function £ ., for the class of functions F; ., means that sup ¢ r, . |f (”HE@)) |

< Fro,(H") < 00 w.p. 1 (Van der Vaart, 2000, pg. 270).

Below we use the semi-metric p;(f, f') = W“[Hf Htl —f th H ] forany f, f' € Fio,.

Condition 10 (Locally Continuous Function Classes) For any € > 0, there exists a 07, > 0 such
that for Brr—1 € RXi=1 % and 6 € R with ||[Br.r—1,0] — [BLp_1,0°]]| < 070

v (fr(-; Brr—1,0), fr(-; Bl 1,0%)) <e.

Similarly, for allt € [1: T — 1], for any € > 0, there exists a 01 > 0 such that for 314 € REG=1ds
with ||B1:e — Bl < Ote then pe (fi( -5 B1), fr(-5674)) <e€

Notation for the Remainder of this Section (Appendix C) For notational convenience, we let
Or = 0 and 0, £ B; forall t € [1: T — 1]. This means that 6% = 6*, 07 £ jr, égzl) 2 g,
and éﬁ”) = B§”) Also we use ©7 = O and ©; £ B,, where recall © is a bounded ball that
contains 0*(/1.7—1) for all B1.p—1 € Bi.p—1 and B, is a bounded ball that contains 3/ (01.4—1)
for all B1.4_1 € Bi;_1. Additionally, we let ¥p = v and ¢y = ¢, forall t € [1: T — 1], so

wT(Hg); Or) = w(Hgﬁ), 6) and wt(H(z) 0;) = qbt(H,gi);ﬂt) for t < T. We also define the following
notation:

Wz(;it)(elt 1’9515) 1) HW()(GS,L&A@I)
s=2

W1 (010) 2 B 1) ms 021 0r) [0 (11 00)] = B (W33 (01, 015 (7 00)|

" (61.0) énZWZ (011,017 ) e (17 61)
=1

34



STATISTICAL INFERENCE AFTER ADAPTIVE SAMPLING IN NON-MARKOVIAN ENVIRONMENTS

C.1. Proof of Theorem 2

The main result we will show in the proof is Equation (23) below. We let S Ers . [8%*11% (Hgi); 0:)]
for ¢t € [1: T. Consider the following:

[ hi-0 ] [ B (0)
a(01) — 03(61) Wy 105 (67.)
vn : =—Vn : +op(1)
ét—} (élrt—2) - 92'5—1@1115—2) ‘i’t:lﬁi’gﬁ)l (eit—l)
0, (01:1-1) — 6; (610-1) | N (6r,)
By <0, [, 5,05 ui’i) . @3

where for u,s € [1:t], X, £ E, 5 [¢u(7'lu ; )¢s(7'ls ; ) } € R%*ds and we use the

Viin Vig ... Vig
. umtsmt o | V21 V22 oo Vo :
notation [V, ]~ 7—" = | | . for matrices V5.
Viin Vig ... Vi

Lemma 9 (see Section C.3) states that under Conditions 1, 2, 3, 5, 8, 9, 10, and the condition that
Vn (eﬁ”) — 6%) = Op(1) forall s < ¢, that Equation (23) above implies that

t

ﬁ(ét(élzt—l)_e;:( Tit— 1) < le etq’ 'Y (0 )Tg;& )

We now show that ' _ S | 89* Ly, ((Bg )ng* = li/_lMadap‘ive(‘ilt_l)T, where recall

that Madaptlve A Eﬂ-“ |:{T/Jt(,H 9*) + \I’tz (80*)\11 lws( *)} 2:|'

adaptive aet -1 z) * ©2
M; :E”it[{wt(}[ 9t +\Ptz<ag*) 1/13( s 708)} }

7 * i 89 .
- 7r2t [wt(Ht ’9*) } By t|:wt Ht) 9 {Z% ,Hg ) s s ) <892) \I/;r}]
. (00
+E”5:t|:{\1/tz<aei> 11/}5( s , s)}wt(Hg)aH) :|

t—1 ¢t—1 . " . 06;
sls,_1<30*>qj (R 8 (71 00) ()T <69*>

s

+ U, E, -

To:t

v/
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00 00
_Ett+zzt5 (601> tZ(a&ﬁ) WS,

adaptive ;1 \I/

By the above, we have that \I/ 1M ! equals the following

00; L o0 . :
DTS SANC LR 1223“ (ae*> +Z(391>\y;12t,5(\1:t1)T
s s=1
t—1 t—1
905\ . 96;
33 (G ot (5E)

Since g—z% = I, (identity function),

t t T
B 90\ -, +(90;
-3 3 (G ) E iy (5)

Thus, we have that \/n (ét (é1;t—1) — 07 (Hf:t_1)> BN (O, \P;ledapuve(\P;l)T>. Equation (23)
for t = T is sufficient for the theorem, i.e., Equation (8). We will prove that Equation (23) holds for
arbitrary ¢ using an induction argument. Specifically we will first show the result holds for ¢ = 1.
Then we will show the result holds for arbitrary ¢, assuming the result already holds for all values
of less than ¢, i.e., fort — 1,¢ — 2 1.

g eeey

C.1.1. BASE CASE

By consistency of 91, finite second moment of w( 1 ), 9*) (condition 3), invertibility of U, (condi-
tion 5), and finite bracketing integral for F; (condition 9), by Van der Vaart (2000, Theorem 19.5),
an asymptotic normality result for Z-Estimators in the i.i.d. case,

- : 1 < ; : .
V(0 = 07) = 07t 23 67) +op(1) B N (0.9 2 )T) . e
=1

Vg ;)
-1 —INT _ 1 L 1\T 07 T .
Note that W] "3 (V") = 39*\11 Yia(v) ggr - Thus, we have that Equation (23) holds
for the t = 1 case.

C.1.2. INDUCTION STEP

We now assume that Equation (23) holds for the t — 1,7 — 2, ... 1 cases and will show that it holds
for the t'" case.
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Fix vector ¢; € R%. Consider the following stochastic process (recall that the class of functions
Ft,c, 1s defined above Condition 9 ):

{fct [ n) (61:¢) — \Izt(eu)] :0; € O forall € [1: t]}

- {\}ﬁg (Sf[gfrsmg“,X§i>>>_1f<H£”>—E[(ﬁ@(Agi),Xy)))_lf(Hﬁ"))}) € P}

Now we apply one of our most critical results, Lemma 16, which states that under under Conditions

1,2,3,9, 10, when ||t§£n)( ) =07 ()ley. . B 0and 8 5 0% forall s € [1: ¢t — 1], then for any
fixed ¢; € R,

of [B7 (0 () = wi(-,0 ()]
el [ )~ w00 ())]

vn

£o.

O1:¢—1

Note that the conditions of Lemma 16 hold by the assumptions of this Theorem. Since P(é(n)

O, t) — 1 by consistency of 9 (an assumption of this Theorem), the result of the Lemma implies

that
Vil [0 (00) = (05| = vae] 87 (01) - wi(01)| +op(). @5

Again, since ]P’(é%) S @1:,5) — 1, by Fréchet Differentiability Condition 5,

\f{\llt (9( )) - (é@—lﬁ:(é@—l))}

9 5(n) 5(n) (n) _ pr(4()
89*(9(n) )\I/ (91t 179 (91 )>\/ﬁ<9 _6 (elt 1))
+ \/EOP( sup  [|65” (Bre—1) — 9:(911—1)”) +op(1). (26)
01:t—1€O1:4—1

Note the following observations:

* Note by Condition 5, W\Pt (01.4—1,07(01.4—1)) is continuous in #1.;—; € O14_1.

Since HAY? A 7., (which holds by Theorem 1), by continuous mapping theorem,

0 (n) ) N\ P 0 .
7‘1}t 9 79 (9 ) — qut 9*: _ 79*(9*: B ) _ \I]t
39*(&) ) <1t 1 Yt \Pee— 1) 005 (07.,_1) (1t 1Yt \U1t 1)

. U, (égnt)_l, 0f (égnt)_l)) = 0 and @En) (égnt)) = 0 by the definitions of §;( - ) and HAt(n)( ).

» Lemma 8, which states that y/nop (supeu_legu_1 ||9A§n) (01.4—1) — 9;“(91;,5_1)\0 = op(1)
under the results of Theorem 1, Conditions 1, 2, 3, 5, 8, 9, 10, and the condition that
\/ﬁ(égn) —0%) = Op(1) forall s € [1: t — 1]. Note that these conditions are satisfied
because \/ﬁ(ég”) —0%) = Op(1) forall s € [1: ¢ — 1] by our induction assumption by the
argument below Equation (23).
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By the above observations, Equation (26) implies that
= Vel {8 00)) — wi(00) } = el v/ (60 = 0 (00)1)) +or(1). @D
By Equations (27) and (25),

ey (97 (01,) = Wo(01) ] = e[ bevn (67 (BL,) = 0; (01711)) +0p(1). 28)
\:ﬁ_z

Note that by our induction assumption that Equation (23) holds for the ¢ — 1,¢ — 2,...1 cases, we
have that for each s < ¢,

Vi (B (05) = 03 (07)1) ) = —Vab T 0 (67,) + op(1),

Pick any fixed vectors ¢, € R% for s € [1: ¢t — 1]. By multiplying by cST\IIS and summing over
sel:t—1],

\/ﬁti el W, (é@ 6 ) — ez (6, ) fzc G (05,) +op(1). (29
s=1
By summing Equations (28) and (29),
fzc b (000 (0,) — 02(0,)) + op(1) =~ 30 T (61,
s=1
We now apply Importance-Weighted Martingale Central Limit Theorem (Lemma 10) to show that
the above is asymptotically normal. Specifically, under Conditions 1, 2, 3 and the condition that

\/ﬁ(ég”) —607) = Op(1) forall s € [1: ¢t — 1] (this holds by our induction assumption; see the
argument below Equation Equation (23) ), Lemma 10 implies the following holds:

t

Z {cl wl 1 79*) Z WQ(Q( T:sflv é@—l)czws (ngz)’ 9:)}
5=2
t
_—IZC \If —)N(O,ZZCI uscs>

u=1 s=1
By Cramer Wold device,
NGRS ] e
2 (0( )((9(1‘)) - 915‘)(é§ ))) qii;((?j)
vn : +op(l) =—vn :
W (B (00) — 071 (057,)) b (01)
(A0 -0 ) | L w7 (01)

BN(0,[ZuiTiis) . 6o
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Since ¥, is invertible by Condition 8,

e
05" (01 — 036" s
Vi : o) B (0. im0 T ) e
o )(0“ o) =00 (01))
- (1t 1)_0*(012 1) -

Thus, by Equation (31) and Slutsky’s Theorem, Equation (23) holds for the t" case given the t —
1,t —2,...,1 cases (induction step). l

C.2. Lemma 8: \/EOP(Supgl:t—leQI.,_l HQ@ (01.4—1) — 6f(01.4—1)||) Converges to Zero

Lemma 8 (ﬁop(supel:t—le(—)l.t71 Héin) (01:4—1) — 07 (01:4—1)||) Converges to Zero) We consider
the setting of Section 1. Recall that the result of Theorem 1 is that é,gn) LA 0f forallt € [1: T).
A§n)( D=0 () Byrs 5 Oforallt € [1: T — 1]. Assuming the results of Theorem 1,
Conditions 1,2, 3,5, 8,9, 10, and that /n (8" — 67) = Op(1) forall s € [1: t — 1],

Moreover,

Vion( s 0ra) ~ 07 (-] = or )

01:4—1€0O1:1—1

Proof of Lemma 8:  First note the following helpful result we will use. Since Wy (01.4—2, 0 (01.4—2))
is Frechet differentiable with respect to 6/ (61.;—2), by Condition 5,

sup V| (811,87 (Br01) ) = i (O10-1,0; (010-1)

01:t—1€O1.t—1

0

v * H(n) 0% (0.
80?(61:t_2)‘1/t(91;t—1,9t(91;t—1))\/ﬁ<9t (O1:4—1) 9t(91.t—1)) H

= v/nop < sup

01:t—1€01:4—1

0 (O1.4-1) = 07 (Br-1) | ) . (32)
Now for the main argument.

sup  Vn Hét(n) (O1:4—1) — 9:(91:15—1)”
01:4—1€01:4—1

Note that by Condition 8, W\I’t (91 t—1, 05 (014 1)) exists and is positive definite uniformly
over #1.4_1 € ©1.4_1, so for some A\pin, > 0,

0
<)L -
o 967 (611)

— min

01:t—1€O1:4—1

\I/t(ﬁlzt_h@k(gl:t—l))\/ﬁ(9(n)(01t 1) — 0F (91;t—1)>H
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By Equation (32) and triangle inequality,

<At sup

min
01:4—1€0O1:4—1

Uy (0141, 9§n)(91;t—1)) — Uy (01:4-1, 05 (01:4-1)) H

+ )\;iln\/ﬁOP ( sup

01:4—1€O1.t—1

07 610-1) = 05 0re)|
Since \ilgn) (01:¢-1, éEn) (01:4—1)) = 0and ¢ (61.4—1, 05 (01:4—1)) = 0 by definitions of HAt(”)( 2,05 (),

1
<A, sup Vn

01:4—1€O1:4-1

@E") (01:4-1, 9}"’(%4)) — Wy (O1:4—1, éﬁ")(QLH)) ”

+ At v/nop ( sup

01:4—1€O1:t—1

" (B101) 0 01| ) (33)

By the results of Theorem 1, supy, , ,co,, , éﬁ”)(elzt,l) — 9:(91:,5,1)“ 20, Lemma 16 states

that under Conditions 1, 2, 3, 9, 10 and the conditions that égn) LN 0% forall s € [1: ¢t — 1] and
~ % P
SUDPg, ., €011 Hﬁt(n)(ﬁl;t_l) — 05 (01.4—1)|| — 0, then for any fixed ¢; € R,

sup
01:4—1€O1.41

Ve, [ (91t 19( )(91:t71)) —\Pt(91:t71,é§")(91:t71))}
— Ve, { (91t 1,07 (01:-1)) — \Ilt(elzt—h@:(@l:t—l))} ’

Note that the conditions of Lemma 16 are satisfied by the assumptions of this Lemma. Thus we
have that by triangle inequality, that we can upper bound Equation (33) as follows:

1
Anin sup N
01:t—1€01:4—1

\ijgn) (el:t—la 9:(91:15—1)) - (01215—17 9;(911?5—1)) H + Op(l)

01:t—1€O1:t—1

+A;}n¢ﬁ0p< sup éﬁ”’(elzt_l)—e;‘wl:t_l)H)

We apply now Theorem 15, which by Conditions 1, 2, 3, 9 and the condition that \/ﬁ(égn) —0%) =
Op(1)forall s € [1: ¢t — 1], implies that the following stochastic process is functionally asymptoti-

cally normal: {\/ﬁ [i’gn) (91:t—1, 9;(91:t_1)) — U, (91:t—1, 0;‘(01;,5_1))] 105 € Ogforall s € [1: t]}
Thus, we have that, supy, , ,ce,, , V7 H\ifgn) (91:25_1,«9;*(«91;75_1)) — Uy (91;,5_1, 0;‘(9”_1)) H =Op(1).
So,

= Op(1) + op(1) +>\miln\/7wp< sup

01.4-1€01.4_1

057 610-1) = 05 0re)|

Summarizing the above results:

sup  Vn Hét(") (01:4-1) — 92‘(91:1%71)”

01:4—1€O1.41

< Op(1) + 0<1>ﬁ0p( sup

01:4—1€O1:1—1

éﬁ") (O1:4—1) — 9:(91:1:—1)H >
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The above implies that supy, , ,co,, , V7 Hét(n) (01.4—1) — 6f (‘%:t—l)” = Op(1), which implies
our desired result. W

C.3. Lemma 9: Complicated Application of Delta Method

Lemma 9 (Complicated Application of Delta Method) Recall that the result of Theorem 1 is
that é§n) 5 0f forallt € [1: T]. Moreover, A?Sn)( ) =0 ()Byrs 5 Oforallt € [1: T —1].
Assuming the results of Theorem 1, Conditions 1, 2, 3, 5, 8, 9, 10, and the condition that \/n (éﬁ") —
0:) = Op(1) foralls € [1: t — 1] and

e e ]
05707 - 03(01") e
) D c 1 N A
N : Sl L 2 L D PR
i o 0
L 0;(011) — 07 (014)

forsomet € [1: T, then

* T
Vi (6 - 07) B ( zz%zw 10 )T ) (35)

u=1 s=1

Proof of Lemma 9: We will use the functions with superscripts defined before Condition 5 in the
main text. Recall superscripts correspond to the number of arguments the function takes in. We will
show that for any s € [1: ¢] that

\f(g [81(9( )) 0" 5= 1](9§S) 1)) _

We now show that Equation (36) above is sufficient for our desired result Equation (35). Equations
(36) and (34) with Slutsky’s theorem imply that

S (00 ) = 0502)) + 0p(1). (36)

i 0) — 07

el il
0, (0hs) — 6,7 (61%) D o0 - 4 el
\/ﬁ : —>N 0 80* \I’u Eu,s(\lls ) 89: i
9:’[tA(1])(é¥(Lt))1) - 92“’”3 gég)z)
L 9t (91:t71> - 9: (‘91:1‘,71)
37

Note that % = I, (identity function). By summing the terms on the left hand side of Equation
(37), we have the following telescoping series:

[ o) = i [o @) - )]
_\F[ ”)(1t1)—0* 1t1}+Z\F[9 [S] ) o 1](0§S) 1)}
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Thus, Equation (35) follows from Equation (36). We now show that Equation (36) holds. Recall
that we showed the ¢ = 2 case in the main text. To make the result clear, here we first show the result
holds for the ¢ = 3 case. We then prove the result holds for the general ¢ case using an induction
argument.

Showing Equation (36) Holds for ¢t = 3 Case: We assume the ¢ = 2 case and show that the
t = 3 case holds, i.e., we assume the following

\F(m‘ﬂ—”%:ifjtwl Wﬁﬁwj (38)
2 — s o0* :

and show that the following holds:

5(n) ) D e~ 907 = 1 P —1 TaefT
\/5(93 —93) BN (0.3 G T () 5 ) (39)
u=1 s=1 u S

Note that by telescoping series,
v (057 —03) = v [0 013) - 301.2)]
= v |07 (019) - 05(01) | + v |85(013) — 03 (81| + v [0 (01) - 03 (61.) |

ég vs. 03 ég vs. 03 91 vs. 07
(40)
Also note that by assumption of the Lemma, we have that
A(n) A(;L) 1 A(n) D -1 ST u=3,5=3
Vi | 6506y — 036y | BN (0, s (T s:1> . @1)
ZURIRTAGEY
Consider the following
*,[1] r p(n % [ % 003 (n) _ px*
051 (04) = 0307, o [0 o]
v 9*(()9§ A)() . 03! }(?é”))) =V | o 19“‘)(91 ) =030 | +or(D). @)
03" (012) — 03 (012) 93") (65)) — 05 (61))

Note we can derive the asymptotic distribution of the above using Equation (41). Additionally, note
that by summing the terms on the left hand side above we get the telescoping series from Equation
(40). Thus, to show Equation (39) holds, it is sufficient to show the above result.

Note the function 51(-) = 05(-,05) : R% — R% where for any 91 € R% we have that
0y [1}(91) = 03(01,0%) = 0% (61,03(01)). By Condition 5, we have that 693 £ W exists

so by the Delta method (Van der Vaart, 2000, Theorem 3.1) we have that

Vi [0 00) — 5] = v o5 (01) — 051 (01)] =

003

ae*\r{ ")—0(”)]+0p(1).
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Now to show Equation (42) all we need to show is that

An n 69 n * (h(n
Va0 03) - oy 07)] = Garvi 087 01) = 03(07)] + or (1),
By Condition 5, 0;’[1] (1) = 65(01,65(01)) is Frechet differentiable with respect to 63(6;) uni-
formly over §; € Oy, i.e., for any f5(-) : R¥ — R%,

905 (01,02)

03 (61,02(00)) — 05 (61, 03(01)) = — =

sup
01€01

(02(01) — 95(91))H

<sup 162(61) — 65(61) H)

01€01

02=0%(61)

Since ]P’(égn) € @1) — 1 by consistency of égn), by the above Frechet differentiablity result,
Vi [65015) - 651 (07)] = v [o3 (077657 87)) - 03 (077, 03(6™))]

M\/ﬁ [é(") (6 — 63 (9(71))} + v/nop (
805 (61) 2 2V 61€0,

) )(91) - 95(91)!0 +op(1).

By Lemma 8, we have that /nop (supgle@1 Héén) (61) — 65(61) H) =op(1).

(1]

o 051 (01) . . . . .

By Condltlon 5, 76(9%*(9(1)1) is continuous in f; € ©1, so we can apply continuous mapping theorem
2

(él) P ooyMer) o6
to get ° 39*( 5 B05(07) . 005

R LT 3,5=3
By the above results, we have that \/ﬁ(ﬁén) —03) Tt N( [391 Uiy, (T g(ﬁi } > :
s u=1,s=1
Thus, we have shown that Equation (36) holds for the ¢ = 3 case, assuming the ¢ = 2 case holds.
Showing Equation (36) Holds for General ¢ (Induction Step): For our induction assumption
we assume that for all s € [1: ¢ — 1],

90; .
907

\/ﬁ[ég’”—e;‘}g/\/ 0, | 2Lty (B,

L T ¥=8%9=3
00 ] @)

00;

u=1,q=1

We now show that Equation (36) holds, i.e., that for any s € [1: t] that

ENEIAE) *,|8— An 8 * n
i [ 0120) = 0 0020)] = G [0 ) = 0262 )] +or (1),

By Condition 5, 6, fs=1] (- ) is Frechet differentiable with respect to 6% ( - ), i.e., for0s(-) : O1.5_1 —
Os,

9:7[81 (les—la 03(9123—1)) - 0:7[5_1] (01:5—1)

sup
01:s—1€01:5-1

89:7[571] (91:3—1)
- 0, (01:5—1) — 07 (01—
it (0. (00) ~ 0301 1>>H
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“o, s ) 300 ).

91:571691:571

Since ]P’(é,gn) € @k) — 1 forall k € [1: s — 1] by the results of Theorem 1, by the above Frechet
differentiablity result,

Vi |0 O8]y — oyt 08 )| = v 08 6@ ) - oM 08 02608 )

_ U 000657 ) — 0387 )]

+ \/ﬁOP( sup Hégn)(alzs—l) - 0:(9115—1)“> + OP(1>'

01.s-1€01.51

By Lemma 8, we have that /nop (supeljs_leelts_1 Hég")(elzs_l) — 9:(91:5—1)“) = op(1). Also,
*,[s—1]

by Condition 5, %Wﬁeff)_l) is continuous in 61.5_1, so we can apply continuous mapping theo-

89:7[571](é¥2—1) P 60:’[S_1](0T:s—1) _ 89:

rem to get = oS = rE
B 0 0 963 (07.5_1) 963

Thus, we have shown that Equation (36) holds given our induction assumption Equation (43). By
induction Equation (36) holds for general . B
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C.4. Lemma 10: Importance-Weighted Martingale Central Limit Theorem

Lemma 10 (Importance-Weighted Martingale Central Limit Theorem) We consider the prob-

lem setting as described in Section 1. Let f1, fa, ..., fT be real-valued functions of ’H 'H(l) ’Hgf)l

respectively. We show that

n

;ﬁZ{ﬁ(”H,( —i—iw? (O, 015 D) £ (1) wQT[thr (H ]}

i=1 t= t'=1

LYY (owrﬂ (th%t ))

for NVars (S fHE)) 2 g, [{SE 0] = B, [T 5] assuming

Conditions 1 and 2 and that
(@) 0 — 0F = Op(1//n) forallt € [1: T — 1]
(b) For some o> 0, Ers [Hf( )H4+a} < oo, forallt € [1:T).

Proof of Lemma 10 For convenience, we abbreviate WQ(? (Jy éﬁ?ﬁl) as Wz(lt) (6%,00). We
first write the term of interest in the form of martingale differences:

ZZ{WQ“B 0", 0" ) - [Wéf,?(e*?é(”))ftmi”)]}

zltl

Let Y, & Wil (6%, 00) fu(1(") and V{5 2 31 Y,

n n

SN DM U [yﬂ}:ﬁ{n@—w@]}

i=1 t=1 i=1
We let 7—[(1 ™) 2 () and X;lﬁ = (). Note that Y(l) [ ‘7—[ (L) %r"l)}. By telescoping

series,

#3 [ 3 f p xp  m [rg x))

270

@
Il
—

Note that E [ZP\H&T),X}M)} — Oforallie[1: n]andt € [1: 1.

In the next two subsections we will show the following two results:
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(i) Convergence of conditional variance:

n T
L3 [l ¢ 3o S (] v ().
i=1 t=1

(ii) Conditional Lindeberg: For any € > 0,

iZE |: |Z<Z)|/\f>e] + Z Z]E |: t |Z,£i)|/\/ﬁ>€’%t1? ,Xt(l n)] 50, (45)

With the above two results we can apply the central limit theorem for dependent random variables
of Dvoretzky (1972) to conclude that our desired result holds, i.e.,

IZZZ %N<0 Vary | <th 3 ))

t=0 i=1

C.4.1. CONDITIONAL VARIANCE

In this subsection, we show that Equation (44) holds. Using the definition of Z (i),

LS a7+ 31 [y
=1

n

= 23 (B [l x0) -m [v] H
=1

o3 L (o [t i) - m [ty ) )
t=1 ' i=1

Thus, we can simplify Equation (46) as follows:

= > {a[e )] - )

it x ”)]. (46)

=1
d 1 - % m n 2 m m 7 n m
#3000 B [ [ T ) x| e [t ]

Note by re-indexing, Y, E [ YO HEY ,Xt“")] =Y R [Y@]HSZ") Xﬁﬂ
= Zthl { 1. T‘H(l " Xt(iln)} +E [YI:T‘X{M])] g (Yl(fT))Q. By rearranging terms,
1 - ( Nk 1 - i m)]2 i m)]2
= e [ e D ([ | e [T )
T n

1 n n n n n n 2
+Z;n§_;{ﬂ3[ Vo x) \Hill),X“ >]— Y X } 7)

Note the following observations
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¢ We now show some helpful results (recall we abbreviate Wz(lt) (0711, égnt)_ ) as WQ(Z) (0%, f(n N):

‘Wt(i)(0*7é(n)) _ 1‘ _ ’Wt(i)(e*vé(n)) — Wt(i)(e*ﬁ*)

< [ (A X 7 = (47, X7) 7 < mae [ (0, %) T i (0, x00) 7

< ot max| oo, X[7) _w;(a,xt(i))\s/ﬂ—? me(X (60 = 01| @8)

\ , min (IG.A — min
(@) (1)
Inequality (i) above holds because by Taylor Series expansion, 7! — 7%~1 = (—=1)7 (7 —

7*) for some 7 between 7 and 7*, which means T > 7, > 0 w.p. 1 by exploration

Condition 1. Inequality (ii) holds by Lipschitz policy condition 2. Since Hégﬁ)l -0, H =
Op(1/+/n) by condition (a), we have that Wt‘”(e*, 6"y =1+ 0p(1//n).

Wi (67,0™) = (14 0p(1/v/n))! =14 0p(1/v/n). (49)

* We now show that for any real-valued function g(?—lgi)) with Erx [g (Hﬁ’))Q] < o0, then

g(’H(i)) = Op(1). Let € > 0. By Chebychev inequality and since 7’! < (1”¢i“)t_1 <

t min —Tmin

Wg(lt) (eit_l, éu,l), w.p. 1 by Condition 1,

P(g(H") > c) < B [g(M)?) < o 2m T VRIWEY (67,07 g1

The above is less than € by choosing ¢, > \/ ‘17Tmffl 1)]EW; , [g(Hgi))Q] .

* Since Yl(:ii)“ = > Yt(i) = > W2(Zt)(9*» é(n))ft(ﬂgi)),

LS e[ - 1, [ )] e, [T
=1

=1 t=1

Also, note that

T T
SN w0700 £ 1YW (67,00 £, (D)

= S W O N £ (HOIW 1,67, 0)
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Note that since Er; [ ft(’Hgi))ﬂ is bounded by assumption, by Equation (50), f t(Ht(i)) -

Op(1). Thus, by Equation (49), we have that W2( r)mn(t 9 (6*,6) =1+ Op(1//n), so

1 n T T A
HZZ{Z St (07 00 (M) £ (M >+op<1/f>}

T T
SN W i O D) M) L (HD) + 0p(1).

i=1 t=1 s=1

By moment Condition (b), we can apply the Weighted Martingale Weak Law of Large Num-
bers (Lemma 7) to get

T

EWT[ZZJ% Hi) fo (M >]= WZT[{ZM’HJ))F]-

t=1 s=1

Since Varrs (320, f(H)) = Eny, [{ 05, i)} = Brs [ Hi(H7)]2 by

the above results,
Lo vy 1y @12 P )
n Z (Vi) — n Zl]E [YI:T} — Vargs <z; f(H; )) (51)
=1 1= t=

* We now consider the second summation term (out of three) in Equation (47). Note that

E [E[Yl(:i%‘Xflm)]Q} =k [ . [Zt 1 fil ’Htl ’X l)} ] Also note the following:
Y ' : . . 2
%Z]E [Yl(l%‘Xfln} = E { E E[ z) (0 e(n)) t(/HtZ))‘Xfl'n)} }

i=1

NPT VR b e

t=1

By the law of large numbers for i.i.d. random variables,

ssl{ o [t | el [

Thus, we have that

'y {]E [E X 2] ~E [rx (]’ } Lo, (52
=1

il

By Equations (51) and (52) above, we have that Equation (47) equals the following:
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1 7 m n 2 m m % n n 2
o3 LS Ll [ x|

The remainder of the proof in this section will be to show that for any ¢’ € [1: T7,

D Ny R [ S e T
i=1

We show that both summations above converge in probability to the same value.

Proof of Equation (53) Second Summation Note that for any ¢’ € [1: T,

1 = ) 1 n (1:n 1 n) 1:n 2
LS m [ ) = ZE[ZY 3 )
i=1 t=t/+1
since v, 2 w6+, 60y f, (3D,
1 <& ¢ . . ) . . T ) ) . 2
~ (ZWQ(?B(e*,e("))ft(HEZ)) +W§?2/<9*70(”>>szm[ > ) ”S)’Xﬁl])
i=1 “t=1 t=t'+1
For copvenience let ft(”H,t ),Xt(+)1) 3 ft(”Hti ) forallt € [1:# — 1] and let ft’( Xt<+)1) 2
Jo D) + Eay | (S OGN X0
n t 2
-2 { D Wil (07,00 fu04", X Eﬁo} (54
z:l t=1
n t/ /
1 7 *x nin r 7 2 * n ) 7
= =YY Y w07 ) Fir) X)W 67, 60) Fu (D, X )
i=1 t=1 s=1

= Y Y W O A XD FHD X DWE (67 6)

2:min(t,s)

Note that E; | ft(Hgi )?] is bounded by assumption and since by Jensen’s inequality

i ; 2 i . .
Ers [ e [ft(”H,E )‘"Ht, , t’)+1} } < E@:t[ft(Hg ))2] is also bounded. Thus by Equatlop (50),
we have that ft(H,ﬁ’),Xt(jl) Op(1), where recall that for ¢ < t, ft(”;’-lt 7Xt(+)1> ft(”H,iZ)) and
t == t/ ft ( Xt(’lj-l) ftl (Hg ) ﬂ-;’-‘—l:T |:Zt t/+1 ft ‘H( ) Xt(’z—)i-li|

Now, by Equation (49), WQ(me(t (07, 0(M) =1+ Op(1/1/n), so

ZZZ Qmaxts) 9* e(n )ft(,H(l Xt(—zf—l)fs( s 7 5(—21)

zltlsl
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By moment condition (b), we can apply the Weighted Martingale Weak Law of Large Numbers
(Lemma 7) to get

/

2
B Eny [ZZ]@ (HD, xD ) F (HS’),XS@} ﬂ”HZﬁ HO. t“H (55)

t=1 s=1

¢ ' 2
- EW;iT [{ Z ft(,HEZ)) tE t’+1 T |: Z ft ,th ‘ t t(’lJrq):| } :| : (56)
t=1

t=t/+1
Proof of Equation (53) First Summation Forany ¢’ € [1: T7,

1 = (1:n 1n 2 1n 1n
S B [B [ X [ x|
i=1
By Equation (54) above,
1y Yo o 0 5@y ]qy ) )
:nZEHZW2 (67,0 fu(H, Xt+1)} 'Ht/ 10Xy ]
i=1

t'—1

1 " 1) A (7) A 2 mn 1n
o ZE [{Wé ™)) fu ( 7'[ t/+1 Z (Ht VX t(+1>} ‘Hzg’l—l)’Xt(’ )}
i1

1 n

:EZE[Wélg’(e*’é(n)yﬁf/(%g’l)? t/+1 ‘Ht/ 1 (ln):|
=1
R
1 <& ¢_1
i A 7 7 ln ln z N n
b [t . e e, 6| S o B
=1
(i)
L (5 ) 6", d CRECING
m;(ZW X)) 6
(i)

Term (iii): By the same argument made for Equation (54),
n t'—1 2 P t'—1 2
22 (Z e ane X ) B, | (S Aol X)) | e
Term (ii):

t'—1

1 " i) A i 1:n) ln ) ¢ n* A
23 :]E[Wé: () fu (M, x5 M, x } E Wi (07,00 fuy”, X))
=1
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Since WQ(? (0*,0() = 1 + Op(1/1/n) by Equation (49) and since ﬂ(?—[y), Xt(_?l) = Op(1) (see
text below Equation (54) for justification),

tl

1 n ; . . 1
:2EZW2(2,_1(0 70( ) |:ft/( / 9 t/-i-l ‘Htl 1,Xt(/):| {f{;(Ht 9 t(_i_)l)‘i_OP(l/\/i)}
1

=1 t=
n t'—1

1 i % Aln i i i
=op(1) +2nZW2(t’ 1 (6 0")En [ft'( Xt(’-i-l ‘Ht' 1 Xy } th H( Xt(+)1)
=1

n t'—1

1 * jln
:Op +2nz 2t’ 1 9 9( ) [ft’ H,(y t’+1 th Ht ’ t+1

)W X )} .

By moment condition (b), we can apply the Weighted Martingale Weak Law of Large Numbers
(Lemma 7) to get that

t'—1

P % 3 % %
— QEW*: |: 7r, |:ft’( t t(/_)t,_l) Z ft(Ht( )7Xt(+)1)
t=1

i x||

t'—1

= 2E7r; |:ft’( t t(/i_)|_1) Z ﬁ(Hgl)vXt(i)l)] . (59
t=1

Term (i):
1 n 1 * n (3 (3 n n
SR WEL 002 (1 XM X
i=1

1 = 7 * Aln 7 * n n
- EZWz(:t)'—l(e 0 ))2E7rf [W( (e, )ft (H t/—i-l ‘Ht/l 1)’X(1 )}'
i=1

We now show that E« [W(i)(H* é)f/("z'-[(l) Xt,zll "Ht, X ( )} = Op(1). By Condition 1,
Wt(,i) (6%,0) < w1 wp. 1, soit is sufficient to show that E- {ft/( @ Xt,ll1 ”Ht, X (1 ")] =
Op(1). Note that Eﬂ;:t [ ft(”;’-lt ) 4] is bounded by assumptlon and since by Jensen’s inequality

% i 2 i . .
Ers [Ewt*,ﬂt [ft(HE ))2’7{# Xt(’J)rl] } < E@t[ft( ())4} is also bounded. Thus by Equation

Mot/
(50), we can show that E« {ft/( @ Xt,li1 ‘"Ht, X ( )} Op(1), where recall that for ¢ <
v A X)) = AL andt = . Fo) X300) = Jo M)+ Br, [y ROEDHE, X0, ).

t’+1:T |:

Since W2( t), (6%, é(n)) =1+ Op(1/y/n) by Equation (49),
" Z Wi 107 0B Wi (07, 60) () X0 P ). XU

Since Wt(,i)(é*, o) =1+ Wt(f)(gﬂ 6(my — 1,
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1 = i * A 3 i i i
:OP(1)+QZW2(:2’ 1(9 6™ )E T |:ft/(H1$’) Xt('+1 ‘Ht’ g t(’)}
=1
1 = 7 * Ain [ * An 7 7 n
= W07 0, [(W (07,07 = 1) fu (D, XL )2 ) X
=1
= op(1) +Eng [ft,( e Xt(,’il)Q] (60)

The above limit holds by the following observations:

* By moment condition (b), we can apply the Weighted Martingale Weak Law of Large Num-
bers (Lemma 7) to get that

*ZW 10", 0 A ) [ft’( & Xt'zJ)rl ‘Ht/ 1 (z)}
= OP(].)‘HEW;:T |: 7r, |:ft’( ’L) Xt’zil ‘Ht’ 1s (l)iH = OP(1)+E * |:ft’( o t(/l;)lrl)2}
» We show that the following is op(1):

ZW%JWW>[WWmA>>MI,H1mﬁJMW

t/

(0*,0M) < 72 wp. 1,

min

By exploration condition 1, WQ(zt), 1
7 * A n 3 i 1:n
— mln ZE z’ HW( 0 ))_1‘ft’(,H§/ ’ t’+1 ‘/Ht’ 17 ( )} :

By Equation (48), ‘Wt(i) (6*,6(m) — 1‘ < w2 my (Xt(i)) Héﬁ)l — 07 4| wp. 1,50

— Inln : : 7-‘—Hlll’ln(lt/

Recall above we showed that Eﬂ/ [ft/( ¢ t’+1 ‘7—[ (1) X(1 n)] = Op(1) (see the be-

éi/”_)l 05 1HE7r/ [ft’( Hy, Xt’l-)‘rl ‘Ht’ 1 (1n):|.

t'—1>

ginning of this section on Term (i)). Since ‘Ht—l -0 H = Op(1/+/n) by condition (a),

Tontn Zwmm NOp(1/ VB, [ Fom) X)) XD = 0p(1).

Thus, by Equations (58), (59), (60) above we have that Equation (57) equals the following:

t'—1
—op(1) + By, [ft« o, f@}m@* [m WYX 3 H,:),Xti%)}

t'—1

e (S o)
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2
—l—Ew;T[(Zf (M, t+1 )]
2
“e [ aodh e [ 30 aodpn ] ] e

t=t'+1

Thus, Equation (53) holds by Equations (56) and (61) above.

C.4.2. CONDITIONAL LINDEBERG

For any € > 0, we show that the following conditional Lindeberg term is op(1):
5N (2] ~ 1y )
% 1:in
ﬁZE[(ZO )T Z(Z)|/f>e:| +252E[ t z“|/f>emt 1 Xy

=1 t=1 =1

Note that for any o > 0, 71/ /mse = Liz1/(evmy>1 = Lzje j(eymos1 < 1 Z]%/ (ey/n)®.
Thus we can upper bound the previous equation as follows:

T
(@) 2+a )|2+a 5, (1m) 3 (1:n)
= ef ZE [‘Z ] +;n ZE UZ M X : (62)

Note that for any > 0 and any numbers a, b, we have that |a — b|" < ¢;|a|” + ¢,|b|" for some
constant ¢, < oo. This ¢, exists because

(lal + (oDt if a] + [b <1

a—b|" < (la] + [b))" <
la —b|" < (lal + [b]) {(|a,+|b|)m if |a| + [b] > 1

and for any positive integer k, by the Binomial theorem (|a| + |b|)* = Zf 0 ( ) (Ja + [b]F=7) <

{Zf o ( )} (Jal* + [b|*). Thus we can choose ¢;, = {Z?:o (];)}

The above implies the following inequality for any numbers a1, ao, ..., a5,
Thus, we have that for ¢’ € [1: T7,

K K
> ke okl < 0717( > ket law]"-

R
i X t'—1
T 2+a 2+a
< gr {0 x|+ e [ x|
t=1
By Jensen’s Inequality,
<, 3 (o [IOpe ) xi] v r0peepg xe]
t=1
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Thus, we can upper bound Equation (62) as follows:

Cz+a ;;E{ [ 2+Q‘Holn X(ln)]—i—EDY’)EMH
T n T

Z 02+a a E;E{ [ 2+a‘,H 1:n) Xt('l-;-q :|+E |:|th(i)‘2+oz‘,Ht/1nl ,X(l n)] ”HE/ 1),X(1 n):|

n T

n T
Cz+aaz 2E[Y“ 2+a:| +Z 02+aa222 [}Yz)|2+a|%§1nl)’ (1n)}
1

i=1 t= t'= 1 i=1 t=1
To show that the above is op(1), it is sufficient to show that the terms E Ul@(i) ‘2+a "Ht, X (1 n)} ,

E UYt(i) ‘2+a] for all t,#' € [1: T] are all Op(1). By Chebychev inequality, to show that some
random variable Y is Op(1) it is sufficient to show that E [YQ] < o0. By Jensen’s inequality,

E |:E |:‘Y;(Z) ‘2+a

Thus, it is sufficient to show that E [‘}Q(i) ‘4+2a] < ooforallt € [1: T]. Since Wz(lt) (6,60 <

=D w.p. 1 by exploration condition 1,

min

2
Hgll_?7Xt(/1n):| :|§E|: |:‘Y |4+2a

x| < m [0,

E [y =& [ @7, 600 fur )]

< 7_[_7.T(3+204)IE |:W2(Zt) (9*’ é(n))’ft(/Hti))’Ll—’—Qa} _ ﬂ_f.T(3+2a)]E7T§:t th(/}_[gi)>}4+2a] < oo.

- min min

The above is bounded by moment condition (b) and minimum exploration condition 1. ll
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Appendix D. Asymptotic Equicontinuity

We now provide an overview of the main results we prove in this section. First though, we introduce
some notation that we use throughout this section. For notational convenience, we let f7 £ 0 and
0, £ By forall t € [1: T — 1]. This means that 65 = 6%, 07 = j37, é(Tn) 2 () and égn) = Bt(")
Also we use O £ © and ©; £ By, where recall © is a bounded ball that contains 6*(51.7_1)
for all B1.7—1 € Bi.p—1 and By is a bounded ball that contains 5/ (31.4—1) for all 51,41 € By.4—1.

Additionally, we let 1/JT 2 ¢ and Yy = ¢y forallt € [1: T — 1], so wT(H:,f), Or) = w(Héf), 6) and
1/1t(7-[ b;) = qf)t(?'[ ; Bt) for t < T. Throughout this appendix E, without a subscript, indicates
expectatlon with respect to the data generating distribution (72,7 used to select actions).

Using our newly defined notation, for any ¢ € [1: T, we define the following functions of §; € R%1,
02 GRd2,...,0t ERdtl

Uy(bhe) 2 E [{HW( s— héﬁn)l)}@bt(ﬂf);@)]

2 (i) jn) \ o me(AD X0, 1) o :
Above, 014 = [01,02,. .., 0;]. Recall that W' (QS, 0, 1) = m Since the weights

we use are importance weights, this means that

t
Uy(01) = E [{ [Iw (0,-1,68) }wt (1; et)] = By 00) ms02), ma(0r) | (3 60) ]

s=2

Above, the expectation on the right is with respect to the distribution in which policies 72 (61), 73(602),
., m(0—1) are used to select actions. Further note that the above equality implies that W (6;.;)
does not depend on the sample size, n.

We also define empirical versions of the above functions W;(6;.;). Specifically, for any ¢t € [1: T,
we define:

B (014) éZ{HW 0,1, 0 1)}@(% 0,).

=1

Recall that as discussed in the main text, 6; and 9}”) are Z-estimators and can be considered im-
plicitly defined functions of #; € R, f, € R%, ... 6;,_; € R%-1. Specifically, 0; (61:4—1) and
ét(”) (01..—1) respectively satisfy

_ 3

Foreach ¢ € [1: T, we overload notation by using 6; ( - ), éi")( - ) to refer to the functions of 01.;_1,
and use 07, 01" to refer to the vectors 0} (0,,_,), 0™ (HAY?_I)
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With the above defined notation in hand, we now describe the main result we prove in this section,
which is that for any ¢ € [1: T7, for any fixed ¢; € R,

|iel [ 070) = w0

= V] B (-,0:()) = Wi+, 0:()] Lo ©3)

O1:¢4—1

Recall that [ f(-)[le., , = SUPG. 1oy, s LFCOI-

Specifically, Lemma 16 below will prove Equation (63). The two key results that Lemma 16 uses

are that \|é§”)( =05 )ey., L 0forallt e [1: T] (Theorem 1) and that the following stochas-
tic process is asymptotically tight (specifically we will show that it is functionally asymptotically
Gaussian):

(Ve 57 (011) = Wi(01)] : 6, € O, forall s € [1: 4]} (64)

Note that for the following class of functions (first introduced below Condition 4, but here using 6,
notation instead of 3; notation) for each ¢t € [1: T'| and any ¢; € R%:

t—1
Fi e £ {(HWS(-;931)>Ctth(-;9t) :0s € Ogforall s € [1: t]} (65)
s=2

Note that by our careful choice of F; ., above, that the stochastic process in Equation (64) is equiv-
alent to the following stochastic process:

{jﬁ Z (D o) ~E[GED s D))+ f e f} (66)

Above, we use T, = Ty (Agi), Xt(i)) and frgz £ | ﬁgi). Similarly, we will also use ﬂ':’(i) £

(@) a t
) ) b t b
T (AEZ),X,:@) and 71';:15 2 [Tees T @,
Note that since for any time ¢, H(i) n_. are not independent in our setting, classical empirical
y t Ji=1 P g P

process theory for i.i.d. data cannot be used to prove that the stochastic process in Equation (66) is
asymptotically tight in [°°(F; c,) (the collection of all bounded functions from F; ., to R). We now
provide a summary of results in this section and describe the ways in which our results are similar
to and differ from classical results in empirical processes.

Summary of Results in this Section

* Lemma 11 proves a Bernstein inequality for our non-independent data type and is the most
novel step in this section. The proof leverages the conditional independence of the action
selection at each time-step and the fact that the underlying potential outcomes are i.i.d. The
proof repeatedly uses a key helper Lemma 12.

* Lemma 13 proves a maximal inequality for stochastic processes in the form of Equation (66)
in the case that |F; .,| < co. The proof closely follows that of Lemma 19.33 (Van der Vaart,
2000), but replaces the use of a Bernstein inequality for i.i.d. data with Lemma 11.
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* Lemma 14 proves a maximal inequality for the stochastic process in Equation (66) as a func-
tion of the bracketing integral of class F; .,. The proof closely follows that of Lemma 19.34
(Van der Vaart, 2000), but replaces the use of a maximal inequality for empirical processes
for a finite class of functions on i.i.d. data with Lemma 13.

* Theorem 15 proves the stochastic process in Equation (66) is functionally asymptotically
normal under a finite bracketing integral condition on F; .,. The proof closely follows that
of Lemma 19.34 (Van der Vaart, 2000), but replaces a maximal inequality for empirical pro-
cesses for function classes with finite bracketing integrals on i.i.d. data with Lemma 14.

* Lemma 16 proves Equation (63) using Theorem 15 with an argument similar to Lemma 19.24
(Van der Vaart, 2000).

D.1. Lemma 11: Weighted Martingale Bernstein Inequality

Lemma 11 (Weighted Martingale Bernstein Inequality) We consider the problem setting as de-
scribed in Section 1. We assume Condition 1 holds. Let f be a real-valued function of 7-[53) with
0 < ||fllco < 00. Then, for any x > 0 and for any n > 1,

P75 2o { ()08 - [ ] | > <)

T-1 2
min x

LBy, () T D] + 2l fllee/ v

<exp | -

Remarks Note that regarding the expectation on the right hand side in Lemma 11, for any fixed
policies 772:T(01:T—1)’

N ) T ) -1 .
Ers . [(w;‘,}l)) 1f(7-[§3))2} =Eryr 0101 [(Hm(Aﬁz),&,ﬂ&)) f(?-(gf))2] :
t=2

Proof of Lemma 11 (Weighted Martingale Bernstein Inequality) We follow an argument sim-
ilar to Lemma 19.32 in Van der Vaart (2000).

(5 2o { e s [ ] > o) @

By Chernoff bound for any A > 0,



ZHANG JANSON MURPHY

We now apply Maclaurin series for exponential function, i.e., that e* = "7 R

Simplifying the first two terms in the inner summation,

n

= s T {1+ - () ) - [ o)) )

=1

Note the following observations:

* In Equation (68), each of the terms in the product over n terms is non-negative because above

we derived the product from []7; exp {ﬁ ((frézzf) 71f(7-[§f)) —E [(frg‘;) 71f(?—[¥))} )}
and e* > 0 for all x.

(#55) D) + [E[ () T )] | < 2m VN

* We can upper bound the following:

() ra)) —E [ (380) )]

 Since (ﬁg)T)_l < 7 (=1 w.p. 1 by condition 1, )(frél) )_lf(”,'-[gf)) _E [(ﬁéz)T)_lf(Hgf))} ‘

= (#40) 2F D — 250 FOUE (3 )] + (B [(8) )] )

Since (ﬁg%)_l < Tr;g -1 w.p. 1 by condition 1,

T B
2f (M) En, | (m547) " FHD))

L (A i)\~ i (1)) — TNE —(T— k—2
+30 (5) (68008 1B, [(m3) " 1060)]" ) (2l 1) " )
(69)
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Note that everything in the expectation above in Equation (69) is bounded w.p. 1; we will show that
, . N
this is true for the infinite summation over k. Lety = ((Wé %ﬂ) (7—[%3)) +E [(ﬁgzp) 'y (ngz) )} )

;g_l) || flloo- Note that both y and z are bounded w.p. 1. Thus, since || f||oc > O by as-

sumption, we have that z > 0, so > 27, %(\;‘ﬁ) yzF2 = yz2 POy il (f)k k< yz2e 2V

and z = 27

is also bounded w.p. 1.

Moreover, Equation (69) can be written as e " A*E [HZ 1 { (7 éZ)T) _1h(7-[¥)) + CH , for some func-

tion h and some finite constant c (i.e., ¢ is a constant with respect to the index ¢ and is non-random).
Thus, we can apply Lemma 12 to get that Equation (69) is equal to

WHE”” 1 () e — e [ )] )

kif:()k(”;% (H(z))+Eﬂ2T[(7r;‘j§f))1f(H¥))r>( 2 ) o) }

Since E [(frg%ﬂ)_lf(ﬂgf))} = Eqy [(W;:éf))_lf(/}'[g))}, we can cancel terms in the first line

2:
above.

= fI{vea [ (G) () o0 s, [<ﬂ$?¥’>‘1f o))

B (1) |}

Since everything in the expectations above are bounded w.p. 1 (discussed below Equation (69)), we
can exchange the expectation with the infinite summation over k.

_MH{HZM () <frn[(7r§:¥))1g<H§f)>}+Ew;T () s040))
=1
(2l r1) "} 0

since g(H{) 2 w0V FHPY? = 2f (M) Ew, [ (m3) 7 r ).

mln To. T

= it VB [(w;‘:‘;’)‘lfméf))ﬂ—2EW;ZT [( S(T”) O] Ry, () )]

= ol VB, (w3 ) T Y] By, () T )] < B, [ () T Y]

Thus Equation (70) can be upper bounded by the following:

n o0

e‘“H{HZ;Qﬁ) ot VB, [(5380) 7 500?) (2m )
k=2

=1
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By i.i.d. potential outcomes,

o) k . . "
1031 () mlt g, () 0] (2t i)
k=2

By rearranging terms,

1 > 1 1 . _ k—2y\n
—/\x —(T-1) *,(1) (2) (T-1)
{ E kz_: Ei Tmin B 3 |:( To.T ) f(HT )2:| < Tnin ||f”00/\/>> }
= é)\l—l é)\gl
= eAx{l +1 li, ;/\k ()\1 Dl 2)> } (71)
k_

Note that since A7*, Ay ! > 0
ANEz ()\fl + x)\gl)_l < min (:1: ()\fl + O)_l ,z (04 azA;l)_1> = min (zA1, \2) .

Thus we have that \¥ < Amin(z)1, A2)*~1 < AzA\; A\572 So we can upper bound Equation (71)

as follows: .
<o I3 () () }

111 n
= {1—|— k2)\x}
\\,_/

<1

1
1

By the Maclaurin series for exponential function, e* = > "7 % we have > 77, ki =e— & —
e—2<1.
11 "
<e {1 + a:)\}

Again by the Maclaurin series for exponential function, e* = »~7 Zr» so for z > 0 we have that
1+ z < €®, which means that (1 + 2)™ < e*".

1 1
< e Mexp (21:)\) = exp ( — 295)\>

Recall that A £ z (A\; ' + Jc)\gl)fl, S0,
1 -1 _1\—1
=exp| — 5:6:6 ()\1 +xA; )

Recall that ;' = 27, T VR, [(w;‘;,fﬁ))*l fmg?)ﬂ and \y! = 20T V| lloo/v/7.

min

T-1 1:2

T
=exp | ——in : . i

L By, [030) 0] + 2l flloe/ vV
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Lemma 12 (Conditional Independence using Weights) Let f be any real valued function of H(Ti)
such that Bz [ f (Hg))] < 00. Let c be a non-random constant. Then the following equality holds:

n n T —1
[T{5) sy + e | =TT By, [(HW:(Ag"),XP)) FHD) + el
i=1

i=1 t=2

Remarks Note that regarding the expectation terms on the right hand side above, for any fixed
policies 7T2:T(01:T—1)a

Ew;:TKfT[WAE”,XY’))1f<’H§f’>}= mwl“[(Hm O x50 ) 1040

t=2

Proof of Lemma 12 (Conditional Independence using Weights) We can show that for any ¢ €

[2 : T, for any function g of Hgi), Xt(i)l that

| TT{ 4", x) + <}
i=1
- [H{(ﬁéfil)’le: () g (e, X i, m}w}], )

* ’
where T,

For now we take Equation (72) as given (see below for the proof). We will show that the desired
result holds by repeatedly applying Equation (72). Applying Equation (72) fort = T and g = f,
we have that

E [H {@ED) o) +c}| = BNl {F) B [ () D) L, XD + ¢}
i=1 i=1
Note that Erx [(7['; (i)) B ‘HT 1 (i)} is a function of Hgf)_l, Xj(f ); let this be function be

g when we apply Equatlon (72) again fort =T — 1.

~2 T {7, [ 1) 2 ] i 52+

i=1

By law of iterated expectations,

n

[T{ (55 ) "By |5 0) " O L X0 )

=1

=K

By repeatedly applying Equation (72) fort =T — 2,7 — 3, ..., 2 we have that

TT{ 550 "By |5 5) " L X0 )

i=1

=E
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=B |[T{(#$0-0) "Eni ., |57 00) " O AL X0 | +
i=1
= =F !H {Bes, [(m) 71U 0, X (7] +
i=1
Finally, recall that {HEZ , X (i } = {Xll),Ag),Rgz),X (Z)}i are independent over i € [1: n).
Thus,
BT E [V gy @ x®
H e | (M) FOP ) MY, X1V | + e
i=1
= 1B [Eny, [ 7 10 [0, x00] + o]
i=1

By law of iterated expectations,
* -1 ;
_H]E%T [(ms) o)) + o]

Thus we have shown that the desired result holds and all that is left is to show that Equation (72)
holds.

Proof of Equation (72):  The proof of Equation (72) leverages (i) the importance weights and (i)
conditional independence properties. Pick any ¢ € [2 : T| and let g be a function of HEZ). By law of

iterated expectations,
=E [E

’ [H {8 g1, X2 + )
.. . n ~ (1) () () (1:n) (1 n)| .
Note that the conditional expectation E [ m AGED g1, x ) + cHH SV, X, } is only

TT{(#) 904, X)) + ¢}

=1

1:n 1:n
]

i=1
integrating over {Ati ,Rgi), til "' . Additionally, note that conditional on ’HE 1), X () that

{A , Ry ), p +1} are independent over i € [1: n]. Thus,
n

R [EARMICTRSEN

=1

=E

i )

Since fréln):_l is a constant given 7-[,51_711) , Xt(l:n),

= | [T{ ) = 8) o xE2)

Hﬁfi‘),XF‘”)} + c}

Note E [( t()) (%E ’ t+1)’,Ht1111 x n)] ) {(7%( )) Les (W:,(z’)) (ng)’XtH)‘Hti?)’Xt(i m)
t

=Er; [ () g X0 [P, ().
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Also, note that the expectation E - [(7‘(‘: ’(i)) (’H(l Xt(jrl ”Hgl ;L , Xt(1 )} integrates over {Agi), RrY

Since actions are selected using 7r;" rather than 7, the distribution of {A R X! +1} depends

only on Hgl:?),Xt(l in) through Ht )1,X( ¥, This means that B [(w;"(i)) (H,E : t+1) ‘Ht ", t(l n)] _
Eﬂ': |:(’/T: (Z)) (Hg 7Xt+1) ‘Ht—h Xt( )i| . Thus,

B [ﬁ{(ﬁgl)_ll&r: [(W:’(i)) (Hg ) t+1)}/Ht 1 ()} +C}

We have now shown that Equation (72) holds.

D.2. Lemma 13: Maximal Inequality for Finite Class of Functions

Lemma 13 (Maximal Inequality for Finite Class of Functions) We consider the problem setting
as described in Section 1. We assume Condition 1. For any F that is a finite class of bounded, mea-

surable functions of size | F| > 2, for G, (f) = ﬁ Yoy {(frézgp)flf(?-{gf)) —-E [(ﬁg,})flf(?—[g,f))} }

B i G| < o mll ™ ma ] g7

+\/w;§f‘”rpg\/ wir | (mf)) O] logufr)} (73)

for some universal positive constant C' (specified in the proof).

Proof of Lemma 13 (Maximal Inequality for Finite Class of Functions) Our proof follows a
very similar argument to Lemma 19.33 in Van der Vaart (2000). Specifically, our proof only devi-
ates because we use our Lemma 11 to prove Equations (77) and (79) below.

Let u, v be non-negative, real-valued functions of f € F such that

s u(f) = 127rmfn DBy, [ T PP

To.T

s o(f) = 12m, 0V Fllee/ vV

E I:I}lg%(’(} (f )!] =E [r}lea}({\G (DG >u) o) T Gl (5)1<uts )/v(f)H

<E [I?Ea}c G (f) G, (5)|>u(f) /ol f):| +E [ljpg |Gn(f)|H|Gn(f)|SU(f)/v(f)]

Let Gu(f) 2 1Gn(f) LG, (1) >u(r) /() a4 Grn(f) 2 1Gn(f) LG, (1) <u()/o(f)-

—E [maXGn(f)] +E [maxGn(f)]

feFrF — fer
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< & s Gu(0/0()| (maxo()) + & |G (V| (max val1) o9

fer feF

The main result we will show in this proof are the following

B [ Ga($)/0()] <log 1+ 17) as)
E [l}agwn/ U(f): < V/Iog (T 7] 76)

For now we take Equations (75) and (76) as given. Thus we have that Equation (74) can be upper
bounded by the following:

< tog 1+ 7)o 120 11/ V7

v(f)
o (1 7D (e 120,08, ()™ 2] )
fer ’
Vul(f)
—(1-1) [1flloo
=127 . 1+ |F
it (o 0= Y0 04 47
+y/12my, Y (max\/ [(wéﬁ))lfméf))?}) log (1 + |71)
feF
Since cjog = SUp,>9 % is bounded, % < Clog 80, 1 < clog%.

- flloo
§C10g1277mi(§ b <f€]—' ”} log(\ﬂ)

+  etog12m, (Y (mx\/ i () T )] loguf))

fer

- flloo
< 12max (Clogyclo;;/Q){Wmi(g Y <fe]—‘ H} >10g(‘.7:|)
Vi (max\/ [(wé:?)‘#(%%ﬂ) oz (71}

fer

The above implies that the desired result, Equation (73), holds. All that remains is to prove that
Equations (75) and (76) hold.
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Let z > 0. By Lemma 11, we have that

Proving Equation (75) holds:
x? x
PG| > 0) < 20w (-3, ) <2ew (<3 05). )
where recall u(f) = 12m, (VB | (m?) 7P| and v(f) = 120,07 | flloe/ V.
v(f) are non-negative so u(f)-ﬁw( 77 < mf(f) < ﬁ'

The second inequality above holds since u( f),
We now show that the following is less than or equal to 1

|Gn(£)|/0(F)
E [e|%(f)|/v(f)} 1=F [/ eTdr
0

By Fubini’s theorem, we can exchange the integrals

—/0 E[qu&(f)\/v(f)}ezdx:/o IP’O(Gn(f)‘ >xv(f)>exda:

=k { /0 Hw<|Gn(f)!/v(f)exd$]

By Equation (77),
1 1 1
li -2 -0 —92 ) =1.
im e + 26 > <0 + 2)

o o
< 2/ e et dy = 2/ e dy =2 (
O 0 Tr—00

Thus we have that for y(z) = e* — 1,
Ely([Cu(N] /0(f

Note that y(z) = e¢” — 1 is convex and non-negative, so by Jensen’s inequality,

exp (E [ max |61 /09| ) -1 = (& s 6D 001)| ) < |1 (maxlGal0)] /o))

<Y E[(Gu(D]/0(f

fer
The last inequality above holds by Equation (78). By adding 1 and taking the log on both sides, we

) -1<1. (78)

N1 =E[exp ([Gu(f)] /v(f)

)] < |F.

have Equation (75) holds, i.e., that
E[max’@ )}/U(f):| <log(|F|+1).
feFr

Let x > 0. By Lemma 11, we have that
2

2 T
P (|Gn(f)| > z) < 2exp ( uf)er()) < 2exp (—3u(f)> : (79)
= 127" VE,.. I flloe/ v/

(
where recall u(f) = min ( -0 ) ! ’H(Z } and v(f) = 127rmln
The second inequality above holds since u(f), v(f ) are non-negative. We now show that the fol-

Proving Equation (76) holds:

To.

lowing is less than or equal to 1:

. G ()] /ulf) o0
Gn (D) /ulh)] _ 1 — eg | _ o .
E [e ] 1=F 0 “dz| = E O L oy
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—E { /0 I matm<[Enin|€ dx]

By Fubini’s theorem, we can exchange integrals,

=/ E|I — Netde= [ p([Gah)] > “d
/0 [\/M(f)<|Gn(f)|}€ ¢ /0 (‘ 9l x“(f))e v
By Equation (79),

o © 1, 1, 1
§2/ 63x+’”dx:2/ e Pdr =2 lim ——e >+ =€’ | =2(0+=| =1.
0 0 z—o0 2 2 2

Thus we have that for yo(z) = ¥ — 1,
% ([GalD)] /(D) =E [exp ([GalH fulh)] -1 <1 (80)

Since yo(x) = e — 1 is convex, by Jensen’s inequality,

exp@[max\@ |/F]>1=72(E[ma><’@ i) )

<& [ (s G| V(D)) | < S [ (18] va)] < 1

fer

The last inequality above holds by Equation (80). By adding 1, taking the log and the square-root
on both sides, we have Equation (76) holds, i.e., that

E[r}l&x}@ (O /N ulf }S\/log(|.7:|+1). [

D.3. Lemma 14: Maximal Inequality as a Function of the Bracketing Integral

Lemma 14 (Maximal Inequality as a Function of the Bracketing Integral) We consider the prob-
lem setting as described in Section 1. We assume Condition 1 holds. Let F be any class of real-
valued measurable functions of ’H( with B« [(W%zT)_lf(%gf))Q] < 82 for all f € F and with

M.
a finite bracketing integral, i.e., for any n > 0, fO \/log N (6,.7:, Lo (PWS;T»CZG < 0. Addition-
ally, f(H (i))| < F(’Hgf)) < ocow.p. 1. Then for

5) = 6/3log N{) (6, F, Lo (P ,) andGo() & Ly ) el - B (7 ) T red)] )

6
= [paslontnl] < [ losny o 7 aPes D
*, (1)) —1 (%) ‘
+ VnEq [(%:T ) F(Hy )HF(H?)»/M@)} - 8D
Above < means less than or equal to when scaled by universal positive constants.

Above E* refers to outer expectations as defined in Van der Vaart (2000, Section 18.2).
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Proof of Lemma 14 (Maximal Inequality as a Function of the Bracketing Integral) Our proof
is almost identical to that of Van der Vaart (2000, Lemma 19.34) except that we use the maximal
inequality in Lemma (14) instead of a maximal inequality for i.i.d. data; we include the full proof
for clarity and completeness.

Note that by triangle inequality,

E* |sup [Ga(f) +E°

fer

<E*

sup G (1< ﬁa(é))‘] (82)

Jsflelg ’G” (f]IF>\/ﬁa(5)> ‘ feFr

Bounding First Term in Equation (82): This term is to deal with potentially unbounded func-
tions f € F.

E*

Jselelg Gn (fHF>\/ﬁa(§)> ‘]

By using the definition of G,,,

|

R 24(0) | | (D) .
[?‘ég WZ( 2T) A M pu®)> o) ~ E [(”ZT) F(Hy )HF(H?»\/W&)]

By triangle inequality,

feFr

Z E* lsup

By Jensen’s inequality,

< 2% : E* [Sllp (Wg)T) - ‘f(Hg))‘ HF(H¥>)>\/Ea(5)]

&

By our envelope function

1 NOR (i)
< 27 ZE |:(7r2:T) F(Hyp )HF(Hgf))>\/ﬁa(5)

=1

_ Q—ZE%T [ (i)™ F(H?)HNH?bﬁa(é)]

Since the expectation above is indexed by the deterministic policy 73,1, H( ") within the expectation
are i.i.d.

*,(1)y—1 (
= 2/nEq; [(W2:§’)) F (%%))HF(H¥>)>\/7M1(5J

This us gives us the second part of bound (81).
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Bounding Second Term in Equation (82): Thus, we focus on bounding the following:

E*

sup |G, fI a
sup Mp<ym (5)(]

We now deal with the class of functions F := { Mp<yma@) : f€F } We first show that
N[ ] (6, F, Lo(Pr T)) < N[ ] (6, F, LQ('PW;:T)).

2
* By definition of bracketing numbers, we can cover F with N (6, F, Ly (PW;T)) brackets,

each with size at most e. Specifically, we can find brackets [I;, u;] for j € [1 : Np) (e, F, Ly (PFS:T))}
that cover F and such that Er [(u; — I;)?] < e for all brackets [I;, u;].

* Note that brackets [leFS\/ﬁa((;), ujHFS\/ﬁa(5):| for j € [1: NH(E,]:, LQ(P@:T))} cover F.

2
» Additionally, note that B _ [([uj ~ )< (o)) ] B [(w— 1) <e

Thus, we have that
Nij(e, F, La(Prz ) < Njj(6, F, La(Pry ). (83)

Desiderata for Nested Partitions We now assume the existence of nested partitions of F that
satisfy certain conditions. We will finish the proof assuming these partitions exist and conclude by
constructing these partitions.

High level, we assume we have nested partitions of F that are indexed by positive integers g.
These partitions are designed to become increasingly fine-grained as ¢ increases. Specifically the
“size” of each piece of the partition will be on the order of 279, i.e., the “size” of the partitions will
halve as q increases by 1. The partitions are nested in that each partition piece at level ¢ 4+ 1 is a
subset of some partition piece at level g.

We pick go to be a positive integer such that § < 2~(+2) < 25. For every integer ¢ > qo we
have a partition of F, which we write as {7, ; };-V:ql; we assume that Ny, = N;j(27%, F, La(Prs ).
These partitions are nested in that for each ¢ > ¢go + 1 and for every j € [1: N,], we have that the
partition piece F, ; is a subset of some partition piece F,_1 j for some k € [1: N,_1]. Moreover,
we further assume the following:

* Requirement on the “size” of partition pieces: For each partition ¢ and partition piece
J € [1: NgJ, let A, ; be a measurable function of 7-[%) such that supy o 7 [f = g] < Ag;

and
Eng . |(F0) 7 Ay ()] <272 (84)

* Requirement on how the number of partition pieces grows as the ‘‘size’’ goes to zero:

o0 5
Z 279 /log N, < / \/IogN[](e,]:', LQ(PW;T))CZE (85)
0 :

9=90
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Main Argument Assuming Desired Nested Partitions Now assuming such partitions described
above exist, we continue with the argument.

For every partition piece fq,j, we choose a arbitrary point fq,j in that partition piece, i.e.,
for each ¢ > g and every j € [1: N,] we choose a point f,; € F, ;. We also define functions

Ag : F + F that maps each function f € F to these points { fq J}N_l, specifically, for any f € F
we can find some partition piece J ; such that fe Fy,; and we map that f to the point JFq,j-

Note that for any integer ) > qo, by telescoping series, for any f € F.

f(H( Ny = Ao f(H Z { Ag+1f( HT )‘qf(Hg))} + JE(’H%)) - /\Q+1f(7'l¥))

9=4q0

A PO + Y Ty Drgn FOUD) — M} + 3 Ty {FO) 2,70

a=q0 a=q0
' (86)
For any f € F, we define Q f(Hgf)) € [qo, 00| to be a random variable representing the maximum
partition level with no bound violations up to that level. Specifically,
Qf(Hg)) = {max s.t. Zﬂfeﬁq’jApyj(H¥)> < v/nay forall p € [qo : q]}
j=1

q>q0

where aq = 27%/,/log Ng11. Thus, by replacing Q with Q 7 and by applying G, to both sides of
Equation (86),

Gn( _) = Gn()‘qof) + i Gy, (HqSQf ()‘q+1f_ )‘qf)) + i Gn (Hq:QfH (f_ Aqf))

4=40 9=40

Thus, we have that by triangle inequality

E* [;EE‘G }} SE*[;EEIGn(/\qofM

(%)

Z Gn ( q<Qf q+1f— )‘qf)> H

[sup
a=qo

fer

(i7)

Z G ( =Qp+1 (f__)‘qf)> H (87)

[sup
a=qo

fer

(did)
Below we will show the following results:

* Bounding term (i)

o [S“P?G %M < 2 (T Vo=, flog(N,,) (88)
feF
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* Bounding term (ii)

ZG lo<q; q+1f—Aqf))H < 27 i 22 7/logN,  (89)

[sup
9=q0 7=q0

ferF

* Bounding term (iii)

ZG (q Qpt1 (f—Aqf))H < 6m 1’22 ,/logN,.  (90)

9=90 9=90

[sup
feFr

For now we assume the above three equations hold. Thus, we can upper bound Equation (87) as
follows:

oo
[ 6,7 | S 2l 20 g 4 50 S 2

fer a=q0

<107 229 log N,

mm
9=4q0

By Equation (85),

N mm / \/Iog N[] €, JT LQ(P * ) de ml(g 1)/ \/10g N[] €, ./r LQ(Pﬂ—2 ))de

The last inequality above holds by Equation (83). We now show that Equations (88), (89), and (90)
hold.

Equation (88): Bounding term (i)

e [sup 6.0 ]| =5[] max (64l

fer jE[ll Nqo]

By Lemma 13, a maximal inequality for finite classes of functions,

Sﬂ;g_l) max quo&log]\fq0

JEL: NQ()] \/ﬁ

+ wmff”Amax]\/En;:T [(5) ™ Fan s (2] VIog Ny O)

JE[1: Ny

* Note that since f(?-{gf)) = f(’H(i))]I PO < ia(5) < V/na(d) w.p. 1, we get the first inequal-
ity below:

max {||fq0,]||oo} < Vna(d) < Vnag,.

JE[L: Ngg]

For the second inequality above, recall a(§) = 6/\/log N1 (0, F, La(Pxz ) and ay,

279/, /log Nyy+1. Since § < 27(0+2) < 25, by Equation (83), Nij (6, F, La(Prs..))
N B, LalPrs,) 2 N0, F alPeg ) 2 Ny (2D, F, Lot )

Y

Nyor1. S0, a(8) < 27 (@0+2) /\/Iog Nij(&,F, La(Prs ) <279 /\/log Nij(e, F, Lo(Pr

T
<270/, /log Nyy4+1 = agp-
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* maxXjeri: N,J |/ Ery, [(w;‘ﬁ))’lfqo,j(%{?)ﬂ < 6 < 27(@0+2) gince we choose gg such that

§ < 27 (@0+2) < 25,
Thus, we can upper bound Equation (91) as follows:
< W;i(rzll)a% log Ng, + 71—1;11(:71) V'2-2(a00+2) V/1og Ny,
Since ag, = 279/, /log Ny,11 and Ny, 11 > Ny,

—(T—1) 65— —(T—1) 5— —(T—1)5—
S 71-mi(n )2 7 IOg Nf]O + 7Trni(n )2 (q0+2) V 10g Nqo S 27Tmi(n )2 @ \% log NQO'

Thus, we have that Equation (88) holds.

Bounding term (ii):
By triangle inequality,

Z Gn(Iy<q; (Ag+1f —Agf)) H Z E* [Sup

4=40 9=90

(HqSQf (>‘q+1f_ ’\qf)) H

[sup
feF

Since I4<q; = Hqggxqf—,

Z [Jer[rlla}lif ‘ (Hqngw (qu’j a fq’j)) H

=qo

By Lemma 13, a maximal inequality for finite classes of functions,

[toca, . (urss = Fo)|

< —(T 1) ] ool N
qzqo o maxqo] NG og N,
+ Z V7 r?n(r? K Elfllafv ]\/ TS [(széf))_lﬂqéwa (for1j — J?q,j)Z] V1og Ng. (92)
a=qo

* Note that by the definition of Hq<Q ~and by our nested partitions, we have that
q,J

=17 SHHqSqu’quvj(Hg))Hoo

H]Iq<Qf (fq+1,J ff]d H <Squf'qu]
< \/ﬁaq

* By our nested partitions, we have that A;41 f, A, f are in the same ¢°* h_level partition piece,
i.e, A\gi1f, \gf € Fy; for some F, j with j € [1: N]. Thus,

_ i _ D) 2
E”S;T [Hq<Q (HO))(@ (T)) ! (fq+l,j(H(T)) - fq,j(H(T))) ]

*,(i 7oy (i I ONY

< s By, | (04 - 7o)
J'€Fq,;

< Ery, [(m30) 7 A0 (1))
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Moreover, by properties of our partitions,

< o B, [0 18,0602 < VI,

To.T
The last inequality above holds by the size property of our partitions.

We have that Equation (92) is upper bounded by the following:
oo o0
< Z {wmgl)aq log Ngq + 1/ W;§§71)2*q« /log Nq} < 277;11(571) Z 279 /log N,.
4=q0 4=qo

The last inequality above holds because a, 2274/, /log Ngy1and Ngy1 > Ny. Thus, we have that
Equation (89) holds.

Bounding term (iii):
By triangle inequality,

E* [ sup
feF

36 (i (7 -3) || < S [

9=q0 q=4q0

Gy, (ﬂq:Q 1 (F f)) H (93)

Note that for some functions f, g such that | f (’Hgf))’ < g(?—lg)),

Gl = =[S (65014 + v B[ ™ )|
=1
< = 15 ) )|+ v B o))
=1

7,00 7 ,0) N, (@)
Note that ‘Hq:Qf(H¥>)+1(f(H(T ) = A J(HY ))‘ < T im0 41 > it lfer, ;Aqi(Hy'). So we

can upper bound Equation (93) as follows:

o0 Nq
< 38| sup G (Tomap 1 DTy, A0 ) |
7=qo fer j=1
S (i) y -1 = 0
~ 2 - 7
+2vn ) i ‘E[(”&T) Lo, uye1 2 er, Bas(r )] ‘
q4=qo0 Jj=1
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Since [y<q+1 = Ig<q, ;+1:
o0

Z { ax ‘ (Hq:quvj-H Agj)

|

+2\/ﬁz max E[( é%w) Hq—Qf (H(Ti))+lAq7j(H§f)) (94)

q:qo]E[l Ng| fq,

* Note that by our nested partitions and by the definition of ) Fo0 e have that

Ir.- Q411" )l > Vit so ”Hq:czf—w(H?)HAM(}#))Hoo(\/ﬁaq)‘l > 1.
A i {(ﬁéf)T)_lﬂ P (M AQJ(’H%))H
JE[L: Ny q quyj(HT )+1
ol (GO B S R
S 2 B [ 800 < 22

The last inequality above holds by the size property of our partitions.

* By our definition of Q7. = and our nested partitions, we have that E~; [(w;:’(Ti))_l Agj (Hg))ﬂ

<272 By our definition of I;,—¢ Pes and by our nested partitions, we have that
q;7

H]Iq:qu,jJrlAq’j(Hgé))Hoo < y/nag—i. Thus, by Lemma 13,

|

o0
—(T-1 T-1
< Z ﬂ'mi(n )aq,l log N, + ml(n )9~ 1y/log Ny.

9=q0

Z E* [ max ‘ (]Iq:quJ_,_l Aq’j)

€[l N,
=g LI Nl

The above observations allow us to upper bound Equation (94) as follows:

o
$ 3 {rall aperton N+l Ve 23

9=90 4=4q0

Since ag = 27%/,/log Nyt1 and Ny1 > N,

= Z{ Tt 270D loqu+@T%/loqu}HZT‘vm

a=q0 a=q0
Note that 2> 2 279, /log Nyp1 =43 2 2@+ flog Ny1q = 4 D aqo i1 279/ log Ny.
T—1
ml(n ) Z 2” q logN
a=40

Thus, we have that Equation (90) holds.

73



ZHANG JANSON MURPHY

Construct nested partitions: We now construct nested partitions that satisfy the conditions de-
scribed previously, particularly Equations (84) and (85).

By our bracketing number assumption, for every integer ¢ > qo, we can find Ny 2 N [] (2_q, F,Ly (P@:T))
bracketing functions { [lq,j, Ug, j] }j\gl of size at most 27 that cover F. These brackets form a par-

o — . . = VN o .
tition of F, which we write as {f 0. }j:ql' Note that these partitions are not necessarily nested.

: : . . = N
We take intersections of these partitions to construct a set of nested partitions {]—'qyj }j:ql for all
integers ¢ > qo.

* For partition {ﬁqo,j };V:q(i, we simply set F, j = ‘7__—;07 jforall j e [1: N ] This means that

q0
A
Nygy = Ny -
. — N, .. . = .
* For partition {‘qu+17j }j:q‘i“, we set partition pieces Jy,41,; forall j € [1: N;O] to be the
intersections between all pairs of partition pieces F, , and F, ., for k € [1: Nqo] and

I € [1: Ny, + 1]. This means that Ny, = Ng, - Ng,. Note that it could be that some
partition pieces ]:"q0+17j are empty, e.g., if the original partitions {.7:";‘7j}§v:‘;1 were already
nested for ¢ = qg, qo + 1.

* For general ¢ > qo, we set partition pieces F, ; for j € [1: N;| to be the intersections
between all possible combinations in which we take one partition piece from {]:";7 j};\zl for
each p € [go: ¢]. This means that each partition pieces F, ; is the intersection between
’go,kqo,ﬁ;w,k%“, f’;oﬂ’kq for kg, € [1: Ngo|. kgor1 € [1: Ngg+1], kg € [1: Ny

. A q .o, .
This means that there are N, = ]_[p: ” N, total partition pieces.

Recall that the partitions were defined by bracketing functions { [ly;, ug,;] }j\gl This means that
Faq,jforj € [1: N, is covered by the bracket [l ;, ugq,;|. Moreover, Ers . [(uqﬁj(H:(Fi))—lq,j (Hg)))Q]
< 279, Thus, we define A, ; £ u,; — l,;; note that this choice of A, ; satisfies the conditions of
Equation (84).

We now show that Equation (85) holds, i.e., the number of sets in the partition grows at a bounded
rate as the size of the partition pieces goes to zero:

00 00 q o] q
S 2 log N, = 3 27 1og< 11 N;;) =3 20| 3 log N

9=90 9=90 P=qo0 4=40 p=qo

Note that \/>°1_ log Ny < 379 "\ /log Ny because va +b < \/a + /b for any positive non-

negative values a, b.

[e%e] q [e%e] 9] o0 o0
<> 279y flogNy =279 Tpeqylog Ny = >\ Jlog Ny Y~ 27,

9=q0 P=qo0 9=90 P=qo0 p=qo0 4=4q0

For the last equality above, we can exchange the infinite summations above by Fubini’s theorem
because below we will show that the last term above is bounded.
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Since Y 02 27Mcq =02 279 = 9—(p—1),

— i 9—(p—1) /log Ny =4 i 2—(p+1)\/10gi]\7; —4 i 2—(1D+1)\/1()g]\[[](2w’]i”7 L2(7D7TS:T))

pP=4qo Pp=qo0 P=qo0

Since N[ (2*1” F, LQ(PW;:T)) is monotonically increasing as p increases by lower Darboux sums,
we have the following upper bound:

27490 —
34/0 \/logN[](e,]:,LQ(PW;T))de

Since we chose ¢( such that § < 2 (90+2) < 9§

86 _ 5 _
< 4/ V108 Ny (6, F, La(Pyy.,)) de < 32/ V108 Ny (6, F, La(Pry.,)) de < oo,
0 ) 0 )

The second to last inequality above holds because N (e, F, Ly (Pﬂ;:T) is monotonically increasing
as € goes to zero. The last inequality above holds by our finite bracketing integral assumption. ll

D.4. Theorem 15: Functional Asymptotic Normality under Finite Bracketing Integral

Theorem 15 (Functional Asymptotic Normality under Finite Bracketing Integral) We consider
the problem setting as described in Section 1. We assume Conditions 1 and 2 and that 0; — 0} =

Op(1/y/n)forallt € [1: T —1]. Let F be any class of real-valued measurable functions f ong)
such that for some o > 0, Erx [f (Hg,f))4+a} < oo and fol \/Iog N (e,]—", LQ(PWS:T))dE < 0.
Then, for G,(f) = ﬁ Yoy {(ﬁgz)flf(?{gf)) - E[(ﬁgl)flf(%%))] } the empirical process

{Gn(f) : f € F} converges in distribution to Gr a mean-zero Gaussian process in [°°(F) (the
collection of all bounded functions from F to R) with the following covariance function:

E[G(/)Gx(9)] = Ens, [(w;&f))‘?f(%éf))g(%éf))}
~Eeg, (557 PO By, [(m3) 004

Proof of Theorem 15 By Van der Vaart (2000, Theorem 18.14), to show the desired result it is
sufficient to show that the following two properties hold:

1. Joint Convergence of Marginals For any finite number of functions fi, fo, ..., fx € F,
D
(Gn(f1):Gnlf2)s s GulfK)) = (GE(f1), GE(f2), -, GF(fK))

2. Asymptotically Tight For any ¢, > 0, there exists a partition of F into finitely many sets
Fi,Fo,..., Fj such that

limsup]P’*( sup  sup }Gn(f) — Gn(f')} > 6) <.
Nn—00 €[l n] f,f'€F;
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We can show that condition 1 of Van der Vaart (2000, Theorem 18.14) holds for the stochastic pro-
cess {Gy(f) : f € F} by the Importance-Weighted Martingale Central Limit Theorem (Theorem

10). Specifically, by Cramer Wold device, it is sufficient to show that for any ¢ = [cy, ¢, ..., ck] €
RX that
Zl,l ZLQ c. Zl,K
K
Z271 2272 Ce ZQJ(
> Gl fi) BN [0 |7 o .|
k=1 : . :
ZK,l ZKQ ZKJ(

where Z jr = Ers  [GF(fi)Gr(fi)]. Note that

K n K K
1 [ ~ (7 —
> = o S { () Y enhtot) 5| () s |
k=1 \/ﬁ k=1 k=1
BRI i) (-1 % (i)
== S W bt ) () Y e )
i=1 k=1
~E {Wé?% (B0, 087 1) () Y ckfméf))] } BN (0,55).
k=1

The above limit holds by the Importance-Weighted Martingale Central Limit Theorem (Theorem

10), for B £ IE@T[{(w;‘zé“)‘lzf1 ckfm?))}g} Eey, [(m58) 7 I ()]

Zl71 Z172 . Zl,K

ZQ’l Z2,2 ce ZQVK
Note that X r = ¢ ] ] ) . c.

ZK71 ZK,Q ZKJ(

The asymptotically tight condition above holds by the same argument used in the proof of Van der
Vaart (2000, Theorem 19.5), but by replacing the use of maximal inequality Van der Vaart (2000,
Lemma 19.34) in that proof with our maximal inequality from Lemma 14. l

D.5. Lemma 16: Uniform Replacement of o)

Lemma 16 We consider the setting in which the data is generated using the procedure described
earlier in Section 1. Assuming ||é£n)( ) =605 ) ey, Lo 6m 5 0% forall s € [1: t — 1], and
under Conditions 1, 2, 3, 9, and 10 we have that for any fixed c, € R,

‘Mmt VAT - w60 0)]

= Ve (B0 ) = w0 )] | B 99)

O1:¢—1
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Proof of Lemma 16 For this proof, we use an argument similar to Van der Vaart (2000, Lemma
19.24). We use [°°(F) to refer to the collection of all bounded functions from F to R.

Note that as discussed in the beginning of this section (Appendix D), by our choice of F; ., =
{(H';;IZ ms(+30s-1)) e i (-50;) : 05 € O forall s € [1: t]} (see Equation (65)), we have that

{fct [ (91,5) \Izt(eu)] : 05 € O forall € [1: t]}
=L (7040 B [ ) s e 7

We let fo,, (- ) = (H?IQWS( s—1)) th( ;0;) and F = {f@lt 011 € ©1.4}. We also let

GE (o) 2 d2 500 (R o () ~ E (7)™ for, (1)) and G 2 (G (foy.) :
01.; € O, t} We also let ©; be the class of functions ©; = {6;(-) : ©1.4_1 — O}

By our Functional Asymptotic Normality under Finite Bracketing Integral result (Theorem 15), we

have that the stochastic process ([A}gl) converges in distribution to a mean-zero Gaussian process G r
in {°°(F) with covariance function

*,(1)\ —2 i %
E[Gx(/)Gx(0) £ Bay | (r5") 210490047
*,(1)y —1 i *,(1)y—1 i

— By, [ (i) )| By, [(7587) 9]
Condition 10 states that for any ¢ > 0, there must exist a é.; > 0 such that for all 1., € Oy
with |01 — 05,4l < Ocrs then py(for,s for,) < e Recall that pi(f, f) 2 Ens [{F(H)
f’(’Ht(Z))}z]. Thus, for any function 6;(-) € ©; with [|6:(+) — 07 (+)||@,,, < e+ then we have
that Hpt( Y F()05( )H91 ., <e. Since Hég")( ) =07 ()lle,. 50 by assumption, thus

P
=0
O1:t-1

Hpt(f(->,é§")<.>af(->,ez(->)’

We will use the norm ||6;( -) —QQ(.)Hpt’@ljt . Hpt 000 )0 F() ))‘

onby(-),0(-) €

O1:¢—1
©;. By the previous two results, Slutsky’s Theorem implies that (Gg‘), ég")( : )) B (Gr,0f(-))
in £ (.F) X (:)t-

Consider the mapping that takes G € ¢>°(F) and 6,(-) € O and outputs G (f(.) g,(.)) =G (f(.)0:(.)) €
¢>(O14_1). Let g be this mapping. We can write g : [®°(F) x ©; — (01,4 1) such that
g(z,h) £ z(h) — z(h*), where z € [°°(F) and h, h* € ©.

* Note that g(z, h) € {*°(O1,_1) is continuous at a point (z,h) € ((*°(F), ;) if z is con-

tinuous in A at that point. By z being continuous in h at that point, we mean that for
any € > 0, there exists some d. > 0 such that ||z(h) — z(R')|le,,., < € when ever

77



ZHANG JANSON MURPHY

|h = 1||p,01..-, < dc. By g(z,h) being continuous at a point (z,h) € ((*°(F), ;) we
mean that for any € > 0, there exists some d. > 0 such that ||g(z,h) — g(z/,h)]|e,, , < €

whenever \/||h — N2

+ ||z — Z/H%")Lt—l < .. We provide a quick proof of this.

t»elztfl

Let € > 0. Let 2/ € ¢*°(F) and h € ©;. We assume z is continuous at h, so for some
be/a > 0, [|2(h) — z(h)]l@1,_, < €/4 when ever ||h — 1||p,01,,_; < 0c/4. We assume that

\/Hh —N|? + Iz = 2§, , , < min(de/s, €/4) = Ae. Now note that

Pt7®l:t—1

Hg(za h) - g(zlv h/)H@Ltfl < Hg(za h) - g(zvh,)H@MFl + Hg(Z7 h/) - g(zlv hl)H@l:t—l
< =) = 2()le,, ., + 12(0) == (W)e,,_, + l2(0") =2 ()le, .,

Since [|h — 'l p,01..1 < Ae < d¢/4 by our continuity assumption, ||z(h) — z(h')|le,,_, <
¢/4. Also note that supy,g ||z(h) — z’(h)H@Mi1 <|lz =2 |le141-

<e/d+2|z— 2oy, <3/de <e.

The final inequality above holds because ||z — 2'||e,., ; < Amin < €/4. Thus we have shown
our desired result.

Thus, to show that g(z, ) is continuous at the point (G, 6¢( - )) it is sufficient to show that
Gr(f()0.(-)) € £°(O1:4-1) is continuous in 6y ( - ) at the point 6;( - ) € Oy.

We let Gr|w] denote a sample path of Gr. By Lemma 18.15 of (Van der Vaart, 2000),
almost all sample paths of G are continuous on F, i.e., for almost all w, for any ¢ > 0,
there exists some J. > 0 such that |Gr[w](f) — Grw](f')| < € forany f, f' € F with

sd(f — f)) 2 E[G(f — f)G(f — f)]"* <.

The previous result means that for almost all w, for any € > 0, there exists some <_5€ > 0
such that |G [w] (f(.)0.()) — G;[w](f(.)ﬁé(.)) H®u_1 < eforany 0;(-),0,(-) € ©; with

[sd(feyo) = Formy ey, , < de
Note that
sd (Fracr Frme))| O1s s

w, (1) — i NE
Eﬂ;t[(%ft()) Z{f(.)ﬂt(»(}lg))—f(-),ag(-)(%g))} }

|

O1:¢4—1

—2t
< Tinin

pelFrorforao)| =m0 =8,

Thus, for any € > 0, there exists some 0, > 0 such that ||G £[w] (f().00()) —GFlw] (f(.),gi(.)) HGH%
< eforany 0;(-),0,(-) € O with [|6;(-) — 0;( - M pe.014 1 < - So, almost all G (f(.)0,(.)) €
(> (F) are continuous in 6;( - ) for all 6;( - ) € Oy, where we use the sup norm on ¢*°(F) and

we use the norm [[0;(-) — 0,(-)| ,, 0,, , o0 0:(-),04(-) € 6.
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Thus, we can apply continuous mapping theorem to conclude that g ((G} 7, ét(n)( . )))

A g (Gr,07(-))), which means @g‘) (f(-),éﬁn)t)) - Ggl)(f(.),gf(.)) B 0in [°°(©1:4—1). Note

that convergence in distribution to 0 implies convergence in probability to 0. Thus,
A A P C . .
HGE?) (f( D8 )) - G(;) (f. )07 (- ) Hel:t—l — 0. This implies Equation (95) holds since
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